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Theoretical models ExperimentsNumerical computations

Lecture 1: Monte Carlo method
High-precision lattice computations
Computational issues

Lecture 2: Machine learning
Efficient sampling,
thermodynamic observables…

Lecture 3: Tensor networks & 
quantum computing
Topological θ-terms, 
chemical potentials…

Overview: computing topological field theories

Standard Model
“Real world”
Quarks, gluons, Higgs…

1+1D 𝝓𝝓𝟒𝟒 theory
Higgs toy model
Symmetry breaking… 

1+1D Schwinger model
QCD toy model
θ-term, confinement…

Observables
Spectrum, free energy, 
entropy, pressure…

LHC, cosmology, …
Heavy-ion collisions,
Early-universe physics…

(Image credit: ALICE Collaboration / CERN)
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Supercomputer usage for different fields (INCITE 2019) 
→ Lattice QCD: ∼ 𝟒𝟒𝟒𝟒%

No direct computation of thermodynamic observables, … 
→ Machine learning (lecture today)

Reminder: MCMC is hungry & challenging

Computational challenges of lattice field theoryComputational costs of lattice field theory

Figure credit: 
Jack Wells, 
Kate Clark  (ALICE Experiment / CERN)
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Reminder: MCMC is hungry & challenging

Computational challenges of lattice field theory

No direct computation of thermodynamic observables, … 
→ Machine learning (lecture today)
Baryon chemical potential, 𝜃𝜃-term, real-time evolution, …
→ Tensor networks
→ Quantum computing

(lecture tomorrow)

Computational costs of lattice field theory

Supercomputer usage for different fields (INCITE 2019) 
→ Lattice QCD: ∼ 𝟒𝟒𝟒𝟒%

Figure credit: 
Jack Wells, 
Kate Clark  
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Reminder: (MC)MC method

Naïve approach
Randomly generate ensemble of “configurations” {𝑥𝑥}

→ 𝑥𝑥𝑓𝑓 𝑈𝑈 𝜏𝜏′, 𝜏𝜏 𝑥𝑥𝑖𝑖 =
1
𝑁𝑁
�
{𝑥𝑥}

𝑒𝑒−𝑆𝑆(𝑥𝑥) = 𝑒𝑒−𝑆𝑆(𝑥𝑥)

Problem
Generate lots of irrelevant configurations → inefficient!

Solution
Generate configurations such that probability 𝑝𝑝 𝑥𝑥𝑛𝑛 of 
obtaining configuration 𝑥𝑥𝑛𝑛 is 𝑝𝑝(𝑥𝑥) ∝ exp −𝑆𝑆 𝑥𝑥

→ configurations have high probability of being relevant!

Starting point
Initialization: Choose arbitrary starting point 𝑥𝑥𝑛𝑛
Proposal density: 𝑔𝑔 𝑥𝑥𝑥 𝑥𝑥𝑛𝑛 [e.g. Gaussian centered at 𝑥𝑥𝑛𝑛] 
suggests candidate 𝑥𝑥′ for 𝑥𝑥𝑛𝑛+1, given previous value 𝑥𝑥𝑛𝑛
For each iteration 𝒏𝒏:
Generate 𝑥𝑥′ and calculate 𝛼𝛼 = exp −𝑆𝑆 𝑥𝑥𝑥 / exp −𝑆𝑆 𝑥𝑥𝑛𝑛
Accept or reject:
Generate uniform random number 𝑢𝑢 ∈ [0,1]
If 𝑢𝑢 ≤ 𝛼𝛼, accept candidate by setting 𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑥
If 𝑢𝑢 ≥ 𝛼𝛼, reject candidate and set 𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 instead

→ Metropolis-Hastings algorithm

Markov Chain … method (MCMC)Monte Carlo method (MC)    

average value 
within ensemble

number of configurations 
in ensemble

𝑥𝑥𝑛𝑛

𝑥𝑥𝑛𝑛+1 𝑥𝑥𝑛𝑛+2
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(1) Parallel sampling
𝑥𝑥𝑛𝑛+1 is independent of 𝑥𝑥𝑛𝑛 → parallel sampling → fast

(2) Independent sampling
𝑥𝑥𝑛𝑛+1 is independent of 𝑥𝑥𝑛𝑛 → samples are uncorrelated

(3) Correct normalization factor
ML distribution: 𝑞𝑞𝜃𝜃 𝑥𝑥 �= 𝑝𝑝 𝑥𝑥 = exp −𝑆𝑆 𝑥𝑥 /𝑍𝑍

(4) Direct access to free energy

Known partition function 𝑍𝑍 = ∫ 𝐷𝐷[𝑥𝑥] 𝑞𝑞𝜃𝜃 x �𝑤𝑤 = 1
𝑁𝑁
∑�𝑤𝑤(𝑥𝑥𝑖𝑖), 

where �𝑤𝑤 = exp −𝑆𝑆 𝑥𝑥 /𝑞𝑞𝜃𝜃(𝑥𝑥) and 𝑥𝑥𝑖𝑖 ∼ 𝑞𝑞𝜃𝜃
→ direct computation of free energy 𝐹𝐹 = −𝑇𝑇 ln 𝑍𝑍, etc.

(1) No parallel sampling
𝑥𝑥𝑛𝑛+1 depends on 𝑥𝑥𝑛𝑛 → sequential sampling → slow

(2) No independent sampling
𝑥𝑥𝑛𝑛+1 depends on 𝑥𝑥𝑛𝑛 → samples are correlated

(3) Incorrect normalization factor
MCMC distribution: 𝑝𝑝M 𝑥𝑥 ∝ exp −𝑆𝑆 𝑥𝑥

Path integral distribution: 𝑝𝑝 𝑥𝑥 = exp −𝑆𝑆 𝑥𝑥 /𝑍𝑍

(4) No direct access to thermodynamic observables

Unknown partition function 𝑍𝑍 = ∫ 𝐷𝐷[𝑥𝑥] exp −𝑆𝑆 𝑥𝑥

→ no direct computation of free energy 𝐹𝐹 = −𝑇𝑇 ln 𝑍𝑍, etc.

MCMC problems

𝑥𝑥𝑛𝑛

𝑥𝑥𝑛𝑛+1 𝑥𝑥𝑛𝑛+2

Why is this algorithm problematic?
Machine learning

𝑞𝑞𝜃𝜃 �= 𝑝𝑝

Neural 
network

𝑞𝑞𝑧𝑧 𝑔𝑔𝜃𝜃 𝑧𝑧
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𝑥𝑥𝑛𝑛+1 𝑥𝑥𝑛𝑛+2

Why is this algorithm problematic?
Machine learning

𝑞𝑞𝜃𝜃 �= 𝑝𝑝

Neural 
network

𝑞𝑞𝑧𝑧 𝑔𝑔𝜃𝜃 𝑧𝑧

𝑝𝑝 𝑥𝑥

𝑞𝑞𝜃𝜃 𝑥𝑥

𝑞𝑞𝑍𝑍 𝑧𝑧
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• 𝑦𝑦𝐿𝐿 𝑧𝑧 = 𝜎𝜎(𝑊𝑊𝐿𝐿𝑧𝑧 + 𝑏𝑏𝐿𝐿)

• input: 𝑧𝑧 ∈ ℝ|Λ|, output: 𝑦𝑦𝐿𝐿 ∈ ℝ|Λ|

• weights: 𝑊𝑊𝐿𝐿 ∈ ℝ|Λ|,|Λ|, bias: 𝑏𝑏𝐿𝐿 ∈ ℝ|Λ|

• 𝑔𝑔𝜃𝜃 𝑧𝑧 = 𝑦𝑦𝐿𝐿 ∘ 𝑦𝑦𝐿𝐿−1 ∘ ⋯∘ 𝑦𝑦1 𝑧𝑧
• “deep”: 𝐿𝐿 ≳ 10
• odd: 𝑏𝑏𝐿𝐿 = 0, 𝜎𝜎 𝑧𝑧 = tanh(𝑧𝑧)

Starting point: (deep) neural networks
Sy

m
m

et
ry

N
et

w
or

k
La

ye
rs

• e.g. ℤ2 symmetry: real 𝜙𝜙 ↔ −𝜙𝜙
• prior distribution: 𝑞𝑞𝑧𝑧 −𝑧𝑧 = 𝑞𝑞𝑧𝑧(𝑧𝑧)
• odd network: 𝑔𝑔𝜃𝜃 −𝑧𝑧 = −𝑔𝑔𝜃𝜃 𝑧𝑧

𝑦𝑦1 𝑧𝑧 𝑦𝑦2 𝑧𝑧 𝑦𝑦3 𝑧𝑧 …

Generate 𝜙𝜙-field configurations with neural network: 
𝜙𝜙 = 𝑔𝑔𝜃𝜃(𝑧𝑧) ∈ ℝ|Λ|, 𝑧𝑧 ∈ ℝ|Λ|, where Λ = 𝑁𝑁𝑥𝑥 × 𝑁𝑁𝑡𝑡

𝜙𝜙 𝑥𝑥

𝜙𝜙 𝑥𝑥 + 𝑎𝑎�̂�𝜇

𝑥𝑥

𝑡𝑡

𝜙𝜙 𝑥𝑥 − 𝑎𝑎�̂�𝜇

= 𝑔𝑔𝜃𝜃(𝑧𝑧)
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• normalizing flow: “flows” 𝑧𝑧 ∈ ℝ|Λ| to 𝜙𝜙 ∈ ℝ|Λ|

• “generative model”: built from neural network

• simple prior distribution: 𝑞𝑞𝑧𝑧 (e.g. Gaussian), 𝑧𝑧 ∈ ℝ|Λ|

• neural network: 𝑔𝑔𝜃𝜃 𝑧𝑧 = 𝑦𝑦𝐿𝐿 ∘ 𝑦𝑦𝐿𝐿−1 ∘ ⋯ ∘ 𝑦𝑦1 𝑧𝑧

Starting point: normalizing flow
O

ut
pu

t
In

pu
t

Fl
ow

• complicated final distribution: 𝑞𝑞𝜃𝜃 𝜙𝜙 = 𝑞𝑞𝑧𝑧 𝑔𝑔𝜃𝜃−1 𝜙𝜙
𝑑𝑑𝑔𝑔𝜃𝜃
𝑑𝑑𝑧𝑧

−1

• samples: 𝜙𝜙 = 𝑔𝑔𝜃𝜃(𝑧𝑧) ∼ 𝑞𝑞𝜃𝜃 obtained from applying 𝑔𝑔𝜃𝜃 𝑧𝑧 to 𝑧𝑧 ∼ 𝑞𝑞𝑧𝑧
𝑔𝑔𝜃𝜃 𝑧𝑧

𝑞𝑞𝑧𝑧(𝑧𝑧) 𝑞𝑞𝜃𝜃(𝜙𝜙)

𝑝𝑝 𝜙𝜙

𝑞𝑞𝜃𝜃 𝜙𝜙

𝑞𝑞𝑍𝑍(𝑧𝑧)

Neural 
network
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2018/2019

• gravitational waves
(Wong, …, 2020)

• cosmology
(Euclid Collaboration, 2021)

• computer graphics
(Mueller, …, 2018)

• image generation
(Kingma, …, 2018, Ho, …, 2019)

• condensed matter physics
(Noé, …, 2019)

• collider physics
(Butter, 2020; Gao, …, 2020)

2019/2020 2020/20212015

normalizing flows
(Rezende, Mohamed, 2015)

• lattice fermions
(Albergo, …, 2021)

• multimodal distributions 
(Hackett, …, 2021)

• 3+1 dimensional “QCD”
(Abbott, …, 2022)

• 𝜙𝜙4 theory in 1+1D
(Albergo, …, 2019, Kim, …, 2020)

• U(1) gauge theories 
(Kanwar, …, 2020)

• SU(N) gauge theories
(Boyda, …, 2020)

2019/2020 2021/2022

Normalizing flows: applications

Topological charge

(Albergo, …, 2019)
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• Non-linear Independent Component Estimation (NICE)

• 𝑞𝑞𝜃𝜃 𝜙𝜙 = 𝑞𝑞𝑧𝑧 𝑔𝑔𝜃𝜃−1 𝜙𝜙
𝑑𝑑𝑔𝑔𝜃𝜃
𝑑𝑑𝑧𝑧

−1
requires: 𝑔𝑔𝜃𝜃 𝑧𝑧 = 𝑦𝑦𝐿𝐿 ∘ ⋯ ∘ 𝑦𝑦1 𝑧𝑧 invertible, 𝑑𝑑𝑔𝑔𝜃𝜃

𝑑𝑑𝑧𝑧
efficiently evaluable

• split layers: 𝑦𝑦𝑙𝑙 = (𝑦𝑦𝑢𝑢𝑙𝑙 , 𝑦𝑦𝑑𝑑𝑙𝑙 ), where 𝑦𝑦𝑢𝑢𝑙𝑙 ∈ ℝ Λ −𝑘𝑘, 𝑦𝑦𝑑𝑑𝑙𝑙 ∈ ℝ𝑘𝑘, 𝑘𝑘 ∈ {1, Λ − 1}

• 𝑦𝑦𝑢𝑢𝑙𝑙+1 = 𝑦𝑦𝑢𝑢𝑙𝑙 , 𝑦𝑦𝑑𝑑𝑙𝑙+1 = 𝑦𝑦𝑑𝑑𝑙𝑙 + 𝑚𝑚(𝑦𝑦𝑢𝑢𝑙𝑙 ), invertible: 𝑦𝑦𝑢𝑢𝑙𝑙 = 𝑦𝑦𝑢𝑢𝑙𝑙+1, 𝑦𝑦𝑑𝑑𝑙𝑙 = 𝑦𝑦𝑑𝑑𝑙𝑙+1 − 𝑚𝑚(𝑦𝑦𝑢𝑢𝑙𝑙+1)

• det 𝜕𝜕𝑦𝑦
𝑙𝑙+1

𝜕𝜕𝑦𝑦𝑙𝑙
= 𝕀𝕀 0

∗ 𝕀𝕀 = 1 → 𝑑𝑑𝑔𝑔𝜃𝜃
𝑑𝑑𝑧𝑧

= 1, trivial

• 𝑚𝑚(𝑦𝑦𝑢𝑢𝑙𝑙 ) contains learnable parameters 𝜃𝜃 of 𝑔𝑔𝜃𝜃 𝑧𝑧
• 𝑔𝑔𝜃𝜃 𝑧𝑧 has 6 coupling layers, 𝑚𝑚(𝑦𝑦𝑢𝑢𝑙𝑙 ) has 5 hidden layers
→ number of parameters: 6 × 5 × 𝑁𝑁𝑥𝑥 × 𝑁𝑁𝑡𝑡 2, up to 8 × 106

Neural network: NICE architecture
Pa

ra
m

et
er

s
Fe

at
ur

es
Ar

ch
ite

ct
ur

e

(NICE model trained on Toronto Face Dataset (TFD)
Image credit: Dinh, Krueger, Bengio, 2014)
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𝑎𝑎

• target distribution: 𝑝𝑝 𝜙𝜙 = 1
𝑍𝑍

exp{−𝑆𝑆 𝜙𝜙 }

• train neural network: 𝑞𝑞𝜃𝜃(𝜙𝜙) as close as possible to 𝑝𝑝 𝜙𝜙

• minimize Kullback-Leibler (KL) divergence between 𝑞𝑞𝜃𝜃 and 𝑝𝑝:

KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 = ∫ Ɗ 𝜙𝜙 𝑞𝑞𝜃𝜃 𝜙𝜙 ln 𝑞𝑞𝜃𝜃 𝜙𝜙
𝑝𝑝 𝜙𝜙

= 𝛽𝛽(𝐹𝐹𝑞𝑞 − 𝐹𝐹)
𝑞𝑞𝜃𝜃 𝜙𝜙 → 𝑝𝑝 𝜙𝜙

0

• variational free energy: 𝛽𝛽𝐹𝐹𝑞𝑞 = 𝔼𝔼𝜙𝜙∼𝑞𝑞𝜃𝜃[𝑆𝑆 𝜙𝜙 + ln 𝑞𝑞𝜃𝜃 𝜙𝜙 ]

• free energy: 𝛽𝛽𝐹𝐹 = − ln𝑍𝑍 with temperature 𝑇𝑇 = 1
𝛽𝛽

= 1
𝑎𝑎𝑁𝑁𝑡𝑡

Training: approximating path integral distribution
En

er
gy

Tr
ai

ni
ng

G
oa

l

𝑡𝑡

𝑥𝑥

KL divergence = statistical distance: 
measure of how one two probability 
distributions differ from each other

𝑁𝑁𝑡𝑡
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• Gibb’s inequality: KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 = 𝛽𝛽 𝐹𝐹𝑞𝑞 − 𝐹𝐹 ≥ 0

• 𝐹𝐹 irrelevant → minimize 𝐹𝐹𝑞𝑞 via gradient descent

• free energy: 𝛽𝛽𝐹𝐹𝑞𝑞 = 𝔼𝔼𝜙𝜙∼𝑞𝑞𝜃𝜃 𝑆𝑆 𝜙𝜙 + ln 𝑞𝑞𝜃𝜃 𝜙𝜙 ≡ −⟨ln �𝑤𝑤 𝜙𝜙 ⟩

• “un-normalized importance weight”: �𝑤𝑤 𝜙𝜙 = exp −𝑆𝑆 𝜙𝜙 /𝑞𝑞𝜃𝜃 𝜙𝜙

• approximated partition function: 𝑍𝑍 = ∫ Ɗ 𝜙𝜙 𝑞𝑞𝜃𝜃 𝜙𝜙 �𝑤𝑤(𝜙𝜙)

• Monte-Carlo estimate: �̂�𝑍 = 1
𝑁𝑁
∑𝑖𝑖=1𝑁𝑁 �𝑤𝑤(𝜙𝜙𝑖𝑖), 𝜙𝜙𝑖𝑖 ∼ 𝑞𝑞𝜃𝜃

Training: approximating path integral distribution
Sa

m
pl

in
g

R
es

ul
t

M
in

im
iz

in
g

KL divergence = statistical distance: 
measure of how one two probability 
distributions differ from each other

Cost → 𝐹𝐹𝑞𝑞, 𝑤𝑤 → 𝜃𝜃
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• 𝑆𝑆 = ∑𝑥𝑥∈Λ−2𝜅𝜅 ∑�𝜇𝜇=1
2 𝜙𝜙 𝑥𝑥 𝜙𝜙 𝑥𝑥 + �̂�𝜇 + 1 − 2𝜆𝜆 𝜙𝜙 𝑥𝑥 2 + 𝜆𝜆𝜙𝜙 𝑥𝑥 4

• invariant under ℤ2 transformations: 𝜙𝜙 ↔ −𝜙𝜙

• absolute magnetization: 𝜙𝜙
• free energy: 𝐹𝐹 = −𝑇𝑇 ln𝑍𝑍 = −𝑃𝑃𝑃𝑃

• spontaneous symmetry breaking: 𝜙𝜙 ≠ 0
• for 𝜆𝜆 = 0.022, 𝜅𝜅 ≲ 0.3, and different Λ = 𝑁𝑁𝑥𝑥 × 𝑁𝑁𝑡𝑡

The model: 𝜙𝜙4 real scalar field theory
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• no direct estimate of 𝑍𝑍 and 𝐹𝐹 = −𝑇𝑇 ln 𝑍𝑍

• only differences: Δ𝐹𝐹t,0 = 𝐹𝐹𝑡𝑡 − 𝐹𝐹0 = −𝑇𝑇 ln 𝑍𝑍𝑡𝑡
𝑍𝑍0

,

𝑍𝑍𝑡𝑡
𝑍𝑍0

= 1
𝑍𝑍0
∫ 𝐷𝐷 𝜙𝜙 𝑒𝑒−𝑆𝑆0 𝜙𝜙 𝑒𝑒−𝑆𝑆𝑡𝑡 𝜙𝜙

𝑒𝑒−𝑆𝑆0 𝜙𝜙 = 𝔼𝔼𝑝𝑝0
exp(−𝑆𝑆𝑡𝑡)
exp(−𝑆𝑆0)

• starting point: 𝐹𝐹0 ≡ 𝐹𝐹(𝜅𝜅 = 0) known analytically
• target: 𝐹𝐹t ≡ 𝐹𝐹(𝜅𝜅 = 0.3) beyond critical point

• small overlap of 𝑝𝑝0 and 𝑝𝑝𝑡𝑡: use Δ𝐹𝐹t,0 = Δ𝐹𝐹t,i𝑘𝑘 + ⋯+ Δ𝐹𝐹i1,0

• integration through phase space → large statistical errors

MCMC: indirect computation of free energy
Pr

ob
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(Image credit: Borsanyi et al., 2016)
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• 𝜅𝜅 = 0.2, 𝜆𝜆 = 0.022
• different volumes V = 𝑁𝑁𝑥𝑥 × 𝑁𝑁𝑡𝑡

• indirect computation of free energy 𝐹𝐹t
• need 4 Markov chains from 𝐹𝐹0 to 𝐹𝐹t

• direct computation of 𝐹𝐹t independently of 𝐹𝐹0
• errors are comparable to MCMC errors 

MCMC vs. machine learning: results before critical point
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• 𝜅𝜅 = 0.3, 𝜆𝜆 = 0.022
• different volumes V = 𝑁𝑁𝑥𝑥 × 𝑁𝑁𝑡𝑡

• now 14 Markov chains from F0 to Ft
• crossing critical region → larger errors

• errors are 𝒪𝒪(10−2) smaller than MCMC errors!
• precision independent of point in parameter space

MCMC vs. machine learning: results after critical point
M
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C
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• error increases with step size 𝛿𝛿𝜅𝜅
• “integrated autocorrelation time” peaks at critical point
• finite-T QCD: F0 approximated → additional error

MCMC results: systematic errors
M

C
M

C
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• KL divergence (“distance” between 𝑞𝑞𝜃𝜃 𝜙𝜙 and 𝑝𝑝(𝜙𝜙)):

KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 = ∫ Ɗ 𝜙𝜙 𝑞𝑞𝜃𝜃 𝜙𝜙 ln 𝑞𝑞𝜃𝜃 𝜙𝜙
𝑝𝑝 𝜙𝜙

= 𝛽𝛽(𝐹𝐹𝑞𝑞 − 𝐹𝐹)

• 𝛽𝛽𝐹𝐹𝑞𝑞 = − ln �𝑤𝑤 𝑞𝑞 = − S 𝜙𝜙 + ln 𝑞𝑞𝜃𝜃 𝜙𝜙 𝑞𝑞 ≡ 𝐶𝐶 𝑞𝑞

• KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 = 1
2

Var𝑞𝑞 𝐶𝐶 + 𝒪𝒪 𝔼𝔼𝑞𝑞 𝑤𝑤 − 1 3 ≠ 0

Machine-learning results: systematic errors
Er
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• bias KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 ≠ 0 due to imperfect training: ∼ 𝑁𝑁−1

• error of estimator 𝛽𝛽 �𝐹𝐹 = − ln 1
𝑁𝑁
∑𝑖𝑖=1𝑁𝑁 �𝑤𝑤(𝜙𝜙𝑖𝑖): 𝜎𝜎 ∼ 𝑁𝑁−1/2
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• no training costs
• sequential, dependent sampling

• up-front training: ∼ 20 hours
• parallel, independent sampling: < 1 minute for 5.6M samples

• ML could beat MCMC when crossing critical points
• need optimization of network, hyperparameter tuning, etc.

MCMC vs. machine learning: computational costs
Pr

os
pe

ct
s

M
L

M
C
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C

costs

samples

training costs

sampling costs

(when) can ML beat MCMC?
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• no access to 𝑍𝑍 → indirect computation of 𝐹𝐹 = −𝑇𝑇 ln 𝑍𝑍 = −𝑃𝑃𝑃𝑃
• integration through phase space → large statistical errors

• approximate path integral distribution
• efficiently sample topological quantities (Kanwar, …, 2020)

• compute 𝐹𝐹 = −𝑇𝑇 ln𝑍𝑍 without phase-space integration (Kim, …, 2020)

• extensions: gauge fields, fermions, higher dimensions, larger lattices
• long-term goal: scaling to lattice QCD calculations

Summary: machine learning for lattice field theories
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(ALICE Experiment / CERN)
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Outlook: roadmap and obstacles

• gravitational waves
(Wong, …, 2020)

• cosmology
(Euclid Collaboration, 2021)

• computer graphics
(Mueller, …, 2018)

• image generation
(Kingma, …, 2018, Ho, …, 2019)

• condensed matter physics
(Noé, …, 2019)

• collider physics
(Butter, 2020; Gao, …, 2020)

2019/20202018/2019 2020/20212015

normalizing flows
(Rezende, Mohamed, 2015)

• lattice fermions
(Albergo, …, 2021)

• multimodal distributions 
(Hackett, …, 2021)

• 3+1 dimensional “QCD”
(Abbott, …, 2022)

• 𝜙𝜙4 theory in 1+1D
(Albergo, …, 2019, Kim, …, 2020)

• U(1) gauge theories 
(Kanwar, …, 2020)

• SU(N) gauge theories
(Boyda, …, 2020)

2019/2020 2021/2022

Main obstacle: large training 
costs for large lattices!

(Del Debbio, …, 2021)



Lena Funcke (MIT) Machine Learning for Lattice Field Theories 25 September 2022 23

Resources: tutorials, codes, talks, slides

Thanks for listening! 
Do you have any questions? 
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• KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 = 𝔼𝔼𝑞𝑞 ln 𝑝𝑝
𝑞𝑞

= −𝔼𝔼𝑞𝑞 ln𝑤𝑤 ≥ 0 due to: ∑𝑖𝑖𝑁𝑁 𝑝𝑝𝑖𝑖 log𝑝𝑝𝑖𝑖 ≥ ∑𝑖𝑖𝑁𝑁 𝑝𝑝𝑖𝑖 log𝑞𝑞𝑖𝑖

• 𝔼𝔼𝑞𝑞
𝑝𝑝
𝑞𝑞

= 𝔼𝔼𝑞𝑞 𝑤𝑤 = ∫ 𝐷𝐷 𝜙𝜙 𝑝𝑝 𝜙𝜙 = 1

• KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 = 𝔼𝔼𝑞𝑞 𝑤𝑤 − 1 + 1
2
𝔼𝔼𝑞𝑞 𝑤𝑤 − 1 2 + 𝒪𝒪(𝔼𝔼𝑞𝑞[ 𝑤𝑤 − 1 3]) = 1

2
𝔼𝔼𝑞𝑞 𝑤𝑤 − 1 2 + 𝒪𝒪(𝔼𝔼𝑞𝑞[ 𝑤𝑤 − 1 3])

• 𝔼𝔼𝑞𝑞 𝐶𝐶 = −𝔼𝔼𝑞𝑞 ln �𝑤𝑤 = 𝔼𝔼𝑞𝑞 ln𝑤𝑤 + ln𝑍𝑍 = − ln𝑍𝑍 + KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 = − ln𝑍𝑍 +𝒪𝒪(𝔼𝔼𝑞𝑞 [ 𝑤𝑤 − 1 2])

Backup: derivation of KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 ∼ 1
2

Var𝑞𝑞 𝐶𝐶
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• Var𝑞𝑞 𝐶𝐶 = 𝔼𝔼𝑞𝑞 𝐶𝐶 − 𝔼𝔼𝑞𝑞 𝐶𝐶
2 = 𝔼𝔼𝑞𝑞 − ln �𝑤𝑤 + ln𝑍𝑍 +𝒪𝒪(𝔼𝔼𝑞𝑞 [ 𝑤𝑤 − 1 2]) 2 = 𝔼𝔼𝑞𝑞[ 𝑤𝑤 − 1 2] + 𝒪𝒪(𝔼𝔼𝑞𝑞 [ 𝑤𝑤 − 1 3])

• Result: Var𝑞𝑞 𝐶𝐶 = 2KL(𝑞𝑞𝜃𝜃| 𝑝𝑝 + 𝒪𝒪(𝔼𝔼𝑞𝑞 𝑤𝑤 − 1 3)

− ln �𝑤𝑤 + ln𝑍𝑍 = − ln𝑤𝑤 ≈ 𝑤𝑤 − 1 + ⋯
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• 𝑍𝑍 = ∏𝑥𝑥∈Λ ∫ 𝑑𝑑𝜙𝜙 𝑥𝑥 exp [− 1 − 2𝜆𝜆 𝜙𝜙 𝑥𝑥 2 − 𝜆𝜆𝜙𝜙 𝑥𝑥 4]

• solution: ∫ 𝑑𝑑𝑥𝑥 exp(−𝑎𝑎𝑥𝑥4 − 𝑏𝑏𝑥𝑥2) = 𝑏𝑏
4𝑎𝑎

exp 𝑏𝑏2

8𝑎𝑎
𝐾𝐾1
4

𝑏𝑏2

8𝑎𝑎

• analytical solution: 𝐹𝐹 = −𝑇𝑇 Λ ln 𝑧𝑧 (𝜆𝜆)

with z 𝜆𝜆 = 1−2𝜆𝜆
4𝜆𝜆

exp 1−2𝜆𝜆 2

8𝜆𝜆
𝐾𝐾1
4

1−2𝜆𝜆 2

8𝜆𝜆

• analytical solution: 𝜙𝜙 = ∫ 𝑑𝑑𝑥𝑥 |𝑥𝑥| exp(−𝑎𝑎𝑥𝑥4 − 𝑏𝑏𝑥𝑥2) / 𝑍𝑍
• for 𝜆𝜆 = 0.002: 𝜙𝜙 an. = 0.5618 vs. 𝜙𝜙 num. = 0.5621 ± 0.0005

Backup: analytical solution at 𝜅𝜅 = 0
Fr
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• partition function: 𝑍𝑍 = ∫ 𝐷𝐷 𝜙𝜙 exp [−S 𝜙𝜙 ]

• 𝑍𝑍 = ∏𝑥𝑥∈Λ ∫ 𝑑𝑑𝜙𝜙 𝑥𝑥 exp [− 1 − 2𝜆𝜆 𝜙𝜙 𝑥𝑥 2 − 𝜆𝜆𝜙𝜙 𝑥𝑥 4]

• analytical solution:

∫ exp(−𝑎𝑎𝑥𝑥4 − 𝑏𝑏𝑥𝑥2)𝑑𝑑𝑥𝑥 = 𝑏𝑏
4𝑎𝑎

exp 𝑏𝑏2

8𝑎𝑎
𝐾𝐾1
4

𝑏𝑏2

8𝑎𝑎

• free energy: 𝐹𝐹 = −𝑇𝑇 Λ ln 𝑧𝑧 (𝜆𝜆)

• with z 𝜆𝜆 = 1−2𝜆𝜆
4𝜆𝜆

exp 1−2𝜆𝜆 2

8𝜆𝜆
𝐾𝐾1
4

1−2𝜆𝜆 2

8𝜆𝜆

Backup: analytical solution for magnetization at 𝜅𝜅 = 0
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• ensure sufficient overlap of distributions 𝑝𝑝𝑖𝑖 and 𝑝𝑝𝑖𝑖+1 in:

• 𝔼𝔼𝑝𝑝𝑖𝑖
exp(−𝑆𝑆𝑖𝑖+1)
exp(−𝑆𝑆𝑖𝑖)

= 1
𝑍𝑍𝑖𝑖
∫ 𝐷𝐷 𝜙𝜙 𝑒𝑒−𝑆𝑆𝑖𝑖 𝜙𝜙 𝑒𝑒−𝑆𝑆𝑖𝑖+1 𝜙𝜙

𝑒𝑒−𝑆𝑆𝑖𝑖 𝜙𝜙
= 𝑍𝑍𝑖𝑖+1

𝑍𝑍𝑖𝑖

• estimate 𝑍𝑍𝑖𝑖
𝑍𝑍𝑖𝑖+1

by exchanging 𝑝𝑝𝑖𝑖 with 𝑝𝑝𝑖𝑖+1 above

• cheap consistency check: run a single Markov chain

Backup: no mode-dropping for MCMC
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• MCMC-based 1: 𝑍𝑍𝑖𝑖+1
𝑍𝑍𝑖𝑖

(up)

• MCMC-based 2: 𝑍𝑍𝑖𝑖
𝑍𝑍𝑖𝑖+1

(down)
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• all modes of 𝑝𝑝(𝜙𝜙) should be captured by 𝑞𝑞𝜃𝜃 𝜙𝜙
• no mode-dropping → no underestimation of 𝑍𝑍

• use: 𝔼𝔼𝜙𝜙∼𝑝𝑝 �𝑤𝑤−1 𝜙𝜙 = 1
𝑍𝑍
∫ 𝐷𝐷 𝜙𝜙 𝑒𝑒−𝑆𝑆 𝜙𝜙 𝑞𝑞𝜃𝜃 𝜙𝜙

𝑒𝑒−𝑆𝑆 𝜙𝜙 = 1
𝑍𝑍

• LHS: estimated using a single Markov chain

Backup: no mode-dropping for flow
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• flow-based 1: plug estimate �̂�𝑍 into �𝐹𝐹 = −𝑇𝑇 ln �̂�𝑍

• flow-based 2: �𝐹𝐹 = −𝑇𝑇 ln 1
𝑁𝑁
∑𝑖𝑖=1𝑁𝑁 �𝑤𝑤(𝜙𝜙𝑖𝑖) with 𝜙𝜙𝑖𝑖 ∼ 𝑞𝑞𝜃𝜃


	Computing Topological Field Theories�Lecture 2: Machine Learning for Lattice Field Theories
	Overview: computing topological field theories
	Reminder: MCMC is hungry & challenging
	Reminder: MCMC is hungry & challenging
	      Reminder: (MC)MC method
	Why is this algorithm problematic?
	Why is this algorithm problematic?
	Starting point: (deep) neural networks
	     Starting point: normalizing flow
	Normalizing flows: applications
	Neural network: NICE architecture
	Training: approximating path integral distribution
	Training: approximating path integral distribution
	The model:  𝜙 4  real scalar field theory
	MCMC: indirect computation of free energy
	MCMC vs. machine learning: results before critical point
	MCMC vs. machine learning: results after critical point
	MCMC results: systematic errors
	Machine-learning results: systematic errors
	MCMC vs. machine learning: computational costs
	Summary: machine learning for lattice field theories
	Outlook: roadmap and obstacles
	Resources: tutorials, codes, talks, slides
	Backup: derivation of KL( 𝑞 𝜃 | 𝑝 ∼ 1 2 Va r 𝑞  𝐶 
	Backup: analytical solution at 𝜅=0
	Backup: analytical solution for magnetization at 𝜅=0
	Backup: no mode-dropping for MCMC
	Backup: no mode-dropping for flow

