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Euler Top

𝐻 =

𝑖=1

3
𝑥𝑖
2

2𝐼𝑖
, 𝑥𝑖 , 𝑥𝑗 = ⅈ𝜖𝑖𝑗𝑘, 𝑙 𝑥1, 𝑥2, 𝑥3 , 𝐼𝑖 −

Its fixation leads to the Hamiltonian system with two-dimensional non-
degenerated phase space, i.e., one-dimensional system.  
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𝑆𝑂(3)

Principal momenta
of inertia

𝐶 =

𝑖=1

3

𝑥𝑖
2 ; 𝐶(𝑥), 𝑥𝑖 = 0.Casimir :



Euler Top
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It is convenient

𝑗: = 

𝑖=1

3

𝑥𝑖
2 , 𝑧: =

𝑥1 + ⅈ𝑥2
𝑗 − 𝑥3

Complete angular
momentum

With the Poisson brackets

ҧ𝑧, 𝑧 = −
ⅈ

2𝑗
(1 + 𝑧 ҧ𝑧)2

𝑧, 𝑗 = 𝑧, 𝑧 = 0.



Euler Top
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It is convenient

𝑗: = 

𝑖=1

3

𝑥𝑖
2 , 𝑧: =

𝑥1 + ⅈ𝑥2
𝑗 − 𝑥3

With the Poisson brackets

ҧ𝑧, 𝑧 = −
ⅈ

2𝑗
(1 + 𝑧 ҧ𝑧)2

𝑧, 𝑗 = 𝑧, 𝑧 = 0.

while the momentum generators look as follows

𝑥1 ≔ ℎ1 = 𝑗
𝑧 + ҧ𝑧

1 + 𝑧 ҧ𝑧
, 𝑥2 ≔ ℎ2 = 𝑗

ⅈ ഥ𝑧 − 𝑧

1 + 𝑧 ҧ𝑧
, 𝑥3 ≔ ℎ3 = 𝑗

𝑧 ҧ𝑧 − 1

1 + 𝑧 ҧ𝑧
.



Euler Top
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By fixing   j  we arrive at two dimensional phase space, equipped with 
one (complex) dimensional Kähler structure, which is the complex projective
Plane 𝐂𝐏𝟏 with

𝑔 𝑧, ҧ𝑧 𝑑𝑧𝑑 ҧ𝑧 = 2𝑗
𝑑𝑧𝑑 ҧ𝑧

(1 + 𝑧 ҧ𝑧)2

Fubini-Studi metric Kähler potentioal

𝐾 𝑧, ҧ𝑧 = 2𝑗log(1 + 𝑧 ҧ𝑧)

The generators ℎ𝑖 become the Killing potentials of 𝐂𝐏𝟏

{ℎ1, } = ⅈ 1 − 𝑧2 𝜕𝑧 + 𝑐. 𝑐., {ℎ2, } = −ⅈ 1 + 𝑧2 𝜕𝑧 + 𝑐. 𝑐., {ℎ1, } = 2ⅈ𝑧𝜕𝑧 + 𝑐. 𝑐.

Hamiltonian holomorphic vector fields



Euler Top
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In these terms

𝐻 =

𝑖=1

3
𝑥𝑖
2

2𝐼𝑖
= −𝑗2

𝑏 𝑧2 + ҧ𝑧2 + 2𝑎𝑧 ҧ𝑧

2(1 + 𝑧 ҧ𝑧)2
+

𝑗2

2𝐼3
, 𝑎 ≔

2

𝐼3
−
1

𝐼1
−
1

𝐼2
, 𝑏 ≔

1

𝐼2
−
1

𝐼1
.

𝑧 = cot
𝜃

2
ei𝜑

ҧ𝑧, 𝑧 = −
ⅈ

2𝑗
(1 + 𝑧 ҧ𝑧)2 𝜑, 𝑗 cos 𝜃 = 1 𝑝 ≔ 𝑗 cos 𝜃

Canonical coordinates

ℎ1 + ⅈℎ2 = 𝑗sⅈn𝜃ei𝜑 = 𝑗2 − 𝑝2ei𝜑, ℎ3 = 𝑗cos𝜃 = 𝑝,

𝜑, 𝑝 :

𝐻 =
1

4
𝑎 + 𝑏cos2𝜑 𝑝2 +

𝑗2

4

2

𝐼3
− (𝑎 + 𝑏cos2𝜑)



Euler Top
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Canonical transformation (𝜑, 𝑝) (𝑄, 𝑃)

𝑃 =
𝑎 + 𝑏 cos 2𝜑

2
𝑝,

𝑄 =
2

𝑎 + 𝑏
න

0

𝜑
𝑑𝜃

1 −
2𝑏

𝑎 + 𝑏
sⅈn2𝜃

=
2

𝑎 + 𝑏
𝐹 𝜑, Τ2𝑏 (𝑎 + 𝑏) : 𝑄, 𝑃 = 1.

Type equatⅈon here.

Where 𝐹(𝜑, 𝑘) is an elliptic integral of the first kind, with 𝑘 = Τ2𝑏 (𝑎 + 𝑏) .



Euler Top
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𝑘 = Τ2𝑏 (𝑎 + 𝑏) --- modulus of elliptic function,
𝜑 = 𝐹−1 𝐹, 𝑘 = 𝐚𝐦𝐩(𝐹, 𝑘) --- Jacobi amplitude.

sⅈn𝜑 =sⅈn( 𝐚𝐦𝐩(𝐹, 𝑘)) = 𝐬𝐧(𝐹, 𝑘)

In canonical coordinates: 𝐻 =
1

2
𝑝2 +

𝑗2𝑏

2
𝐬𝐧2

𝑎 + 𝑏

2
𝑄,

2𝑏

𝑎 + 𝑏
+

𝑗2

2𝐼1
.

So, the Euler top is the one-dimensional Hamiltonian system with 𝐂𝐏1phase space 
and with the Hamiltonian given by the quadratic function of its Killing potentials. 
In the canonical coordinates it results into one-dimensional nonlinear oscillator.



Supersymmetry
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We will consider the systems with generic two-(real) dimensional phase space
One (complex) dimensional Kähler structure 

Poisson brackets will be given by 𝑧, ҧ𝑧 =
ⅈ

𝑔(𝑧, ҧ𝑧)

For construction of 𝒩-supersymmetric extensions (for even 𝒩) of a system 
with 𝐻 𝑧, ҧ𝑧 ≻ 0 we extend phase space by canonical complex Grassmann
variables 𝜓𝑎, 𝑎 = 1,… ,𝒩/2

𝜓𝑎 , ത𝜓
𝑏 = ⅈ𝛿𝑎

𝑏.

𝑄𝑎, ത𝑄
𝑏 = ℋ𝛿𝑎

𝑏, ℋ = 𝐻 + 𝑓𝑒𝑟𝑚𝑖𝑜𝑛𝑖𝑐 𝑡𝑒𝑟𝑚𝑠. 



𝒩 = 2 supersymmetry
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An ansatz for supercharges

𝑄 = 𝐻eiΦ𝜓, ത𝑄 = 𝐻e−iΦ ത𝜓, ℋ = 𝐻 + Φ,𝐻 𝜓 ത𝜓.

Specifying the Poisson brackets and Hamiltonian we will get the respective 
supersymmetric extension of the Euler top.

Direct construction of 𝒩 ≥ 4 supersymmetries Trivial result

Namely, 𝑄𝑎 = 𝐻eiΦ𝜓𝑎 to fulfill 𝑄𝑎, ത𝑄
𝑏 = ℋ𝛿𝑎

𝑏

𝐻,Φ = 0, ℋ = 𝐻.



𝒩 = 4 supersymmetry
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𝑄𝑎 = 𝑓1 𝑧, ҧ𝑧 𝜓𝑎 + 𝑓2 𝑧, ҧ𝑧 𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏

ത𝑄𝑎 = ҧ𝑓1 𝑧, ҧ𝑧 ത𝜓𝑎 + ҧ𝑓2 𝑧, ҧ𝑧 ത𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏

with

𝑓1 𝑧, ҧ𝑧 = 𝐻e−iΦ1

𝑓2 𝑧, ҧ𝑧 = 𝑅e−i Φ1−Φ2

𝑅 𝑧, ҧ𝑧 = ത𝑅 𝑧, ҧ𝑧
Φ𝑎 𝑧, ҧ𝑧 = ഥΦ𝑎 𝑧, ҧ𝑧

Obey superalgebra 𝑄𝑎, ത𝑄
𝑏 = ℋ𝛿𝑎

𝑏

ⅈ 𝑓1, ҧ𝑓1 = 𝑓1 ҧ𝑓2 + ҧ𝑓1𝑓2 ⟺ 𝐻,Φ1 = 𝑅 cosΦ2



𝒩 = 4 supersymmetry
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ℋ = 𝑓1 ҧ𝑓1 + ⅈ 𝑓1, ҧ𝑓1 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎 +

ⅈ

2
𝑓1, ҧ𝑓2 + 𝑓2, ҧ𝑓1 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎

2

𝐻 = 𝑓1 ҧ𝑓1

𝒩 = 6: 𝑓1, ҧ𝑓2 + 𝑓2, ҧ𝑓1 = 2ⅈ𝑓2 ҧ𝑓2

𝒩 = 8: 𝑓1, ҧ𝑓2 + 𝑓2, ҧ𝑓1 = 2ⅈ𝑓2 ҧ𝑓2, 𝑓2, ҧ𝑓2 = 0

single functional degree of freedom

no functional degree of freedom 

To construct  𝒩 = 6 and  𝒩 = 8 with a wide functional freedom is to 
extend the supercharges ansatz by 5- and7-fermionic terms.



𝒩 = 6,8, … supersymmetry
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𝑄𝑎 = 𝑓1 𝑧, ҧ𝑧 𝜓𝑎 + 𝑓2 𝑧, ҧ𝑧 𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏 + 𝑓3(𝑧, ҧ𝑧)𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏

2

ത𝑄𝑎 = ҧ𝑓1 𝑧, ҧ𝑧 ത𝜓𝑎 + ҧ𝑓2 𝑧, ҧ𝑧 ത𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏 + ҧ𝑓3 𝑧, ҧ𝑧 ത𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏

2

𝒩 = 6

𝑓1 = 𝐻eiΦ1 , 𝑓2 = 𝑅2e
i(Φ1−Φ2), 𝑓3 = 𝑅3e

i(Φ1−Φ2−Φ3).

Where



𝒩 = 6,8, … supersymmetry

9/26/2022“Recent Advances in Fundamental Physics”, Tbilisi 16

𝑓1 ҧ𝑓2 + ҧ𝑓1𝑓2 − ⅈ 𝑓1, ҧ𝑓1 =0

2𝑓3 ҧ𝑓1 + 2𝑓2 ҧ𝑓2 + 2𝑓2 ҧ𝑓3 − ⅈ 𝑓1, ҧ𝑓2 + ⅈ 𝑓2, ҧ𝑓1 = 0

ℋ =
1

2
𝑓1 ҧ𝑓1 +

1

2
𝑓1 ҧ𝑓2 + 𝑓2 ҧ𝑓1 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎 +

1

2
𝑓3 ҧ𝑓1 + 𝑓1 ҧ𝑓3 + 𝑓2 ҧ𝑓2 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎

2

+
1

2
𝑓2 ҧ𝑓3 + 𝑓3 ҧ𝑓2 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎

3

𝒩 = 6

(Φ1, Φ2, Φ3)



𝒩 = 6,8, … supersymmetry
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𝑄𝑎 = 𝑓1 𝑧, ҧ𝑧 𝜓𝑎 + 𝑓2 𝑧, ҧ𝑧 𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏 + 𝑓3 𝑧, ҧ𝑧 𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏

2
𝒩 = 8

+𝑓4 𝑧, ҧ𝑧 𝜓𝑎 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏

4

𝑓4 = 𝑅4e
i(Φ1−Φ2−Φ3−Φ4).

𝑓1 ҧ𝑓2 + ҧ𝑓1𝑓2 − ⅈ 𝑓1, ҧ𝑓1 =0

2𝑓3 ҧ𝑓1 + 2𝑓2 ҧ𝑓2 + 2𝑓2 ҧ𝑓3 − ⅈ 𝑓1, ҧ𝑓2 − ⅈ 𝑓2, ҧ𝑓1 = 0

3𝑓4 ҧ𝑓1 + 3𝑓3 ҧ𝑓2 + 3𝑓2 ҧ𝑓3 + 3𝑓1 ҧ𝑓4 − ⅈ 𝑓1, ҧ𝑓3 − ⅈ 𝑓3, ҧ𝑓1 − ⅈ 𝑓2, ҧ𝑓2 = 0



𝒩 = 6,8, … supersymmetry
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𝒩 = 8

ℋ =
1

2
𝑓1 ҧ𝑓1 +

1

2
𝑓1 ҧ𝑓2 + 𝑓2 ҧ𝑓1 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎 +

1

2
𝑓3 ҧ𝑓1 + 𝑓1 ҧ𝑓3 + 𝑓2 ҧ𝑓2 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎

2

+
1

2
𝑓4 ҧ𝑓1 + 𝑓1 ҧ𝑓4 + 𝑓2 ҧ𝑓3 + 𝑓3 ҧ𝑓2 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎

3

+
ⅈ

8
𝑓1, ҧ𝑓4 + 𝑓2, ҧ𝑓3 + 𝑓3, ҧ𝑓2 + 𝑓4, ҧ𝑓1 

𝑎=1

𝒩/2

𝜓𝑎
ത𝜓𝑎

4

(Φ1, Φ2, Φ3, Φ4)



𝒩 = 6,8, … supersymmetry
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Specifying the formulae to the particular case of Euler top we will get its
integrable N = 2, 4, 6, 8 supersymmetric extensions.

𝑄𝑎 = 𝑓1 𝑧, ҧ𝑧 𝜓𝑎 + 𝜓𝑎 

𝑙=2

𝒩/2

𝑓𝑙 𝑧, ҧ𝑧 

𝑏=1

𝒩/2

𝜓𝑏
ത𝜓𝑏

𝑙−1

, ത𝑄𝑎 = 𝑐. 𝑐.

𝒩 = 2𝑘

Depending 𝑘 complex functions 𝑓𝑎(𝑧, ҧ𝑧)

Obeying superalgebra 𝑄𝑎, ത𝑄
𝑏 = ℋ𝛿𝑎

𝑏, 𝑘 − 1 constraints



𝒩 = 6,8, … supersymmetry
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# of supersymmetries Constraints

𝒩 = 2 -

𝒩 = 4 𝑓1 ҧ𝑓2 + ҧ𝑓1𝑓2 − ⅈ 𝑓1, ҧ𝑓1 =0

𝒩 = 6 𝑓1 ҧ𝑓2 + ҧ𝑓1𝑓2 − ⅈ 𝑓1, ҧ𝑓1 =0

2𝑓3 ҧ𝑓1 + 2𝑓2 ҧ𝑓2 + 2𝑓2 ҧ𝑓3 − ⅈ 𝑓1, ҧ𝑓2 − ⅈ 𝑓2, ҧ𝑓1 = 0

𝒩 = 8 𝑓1 ҧ𝑓2 + ҧ𝑓1𝑓2 − ⅈ 𝑓1, ҧ𝑓1 =0

2𝑓3 ҧ𝑓1 + 2𝑓2 ҧ𝑓2 + 2𝑓2 ҧ𝑓3 − ⅈ 𝑓1, ҧ𝑓2 − ⅈ 𝑓2, ҧ𝑓1 = 0

3𝑓4 ҧ𝑓1 + 3𝑓3 ҧ𝑓2 + 3𝑓2 ҧ𝑓3 + 3𝑓1 ҧ𝑓4 − ⅈ 𝑓1, ҧ𝑓3 − ⅈ 𝑓3, ҧ𝑓1 − ⅈ 𝑓2, ҧ𝑓2 = 0

In a particular cases of 𝒩 = 2,4,6,8

Having in mind that  𝑓1 ҧ𝑓1 = 𝐻(𝑧, ҧ𝑧), we conclude that in this way we will 
arrive the family of N = 2k supersymmetric extensions of H, which are 
parameterized by k arbitrary real functions.



Thank you!
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