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Affine Gaudin models

Many classical integrable field theories can be viewed as specific
realizations of dihedral affine Gaudin models associated to an
untwisted affine Kac-Moody algebra supplied with an action of the
dihedral group

Vicedo, 2017

Examples

* Principle Chiral Model
* Deformations of the Principle Chiral Model

e Affine Toda field theories

Idea: Use affine Gaudin models to construct
new integrable field theories

Delduc, Lacroix, Magro and Vicedo, 1811.12316, 1903.00368



Outline

* New coset integrable sigma models - Lagrangian

e Integrable sigma models on T'1:1

Derivation

e Canonical fields on TG
e Affine Gaudin models and their realization

e [ agrangian formulation

Future directions

with Cristian Bassi & Sylvain Lacroix, 2010.05573 [hep-th]






(G is a real semi-simple Lie group, g is the Lie algebra

k 1s a non-degenerate ad-invariant bilinear form on g, opposite of the Killing form

o is an automorphism of order T of G and G(®) € G is a subgroup of fixed points

Classical r-matrix o
T ———— split Casimir
T—1 k. T-1—k /
0 _ w-= (k)
Riz(w, z) = Z T T 1 Ci2
k=0
Coset space
D N
GN/ (0) :GxGx...xG/ (0)
Gdiag Gdiag
The coset is formed by acting on (g1,--- ,gn) € GV by right translation of the diagonal subgroup
G, = {(h,--.h), he G}



New integrable gauge coset sigma models

N KT3 ol
S =3 Swaw e lorl = 75— [[dedt 3 res xes naa(Rea(w.2)ps ()p- (). di 1 i-2)

2 W=2z4 2=2,
r=1 r,s=1
%
Wess — Zumino action Swzw, £l9] = 5 //dx dt £ (g~ "049,97'0_g) + £ Iwz|g]
Currents jir(z) = g H(2)0rg,(2) r=1,...,N
Functions containing parameters
2N=2 (T T T-17(N-1 (. T T
. 7 — (Q; z . z+ — (:
§0_|_(Z) Hz_N ( C@ ) and O (Z) _ glz_l ( Cz )
Hr=1 (ZT o Z;F)

o(z) =TKpy(2)p_(z) <«—— twist function

B, = —% res ,—,, @(z)dz

The model depends on 3N — 2 continuous free parameters (2N —2 (’s, N —1 2's and K)

For N =1 one gets the well-known gauge sigma model on G/ GO with the Wess-Zumino term



Limiting case

N =2

, K==, (=, =+—  a—=0 A1, A2 and A fixed

A . .
st = [[ asat 30 (5 m (100,5%) + 5w (10,5 ) o (12,1%)

+ X Iwz[g1] — A? Twz[g2] -

Define U = g1 and V = 92_1, and use Iywy [g_l} = —Iwy [9]

In the case A\; = Ao = A the action can be rewritten as

S[U, V] = Swaw, »2[U] + Swzw, x2[V] + A° //d:c dt k ((6+VV_1)(0), (U~'o_U) (O))

Guadagnini — Martellini — Mintchev model (GMM)
2dim CFT

-(1)
-(0) -(0)
8 E_ - 8_£ ﬁ L_ — 0 ‘C _.7 ) ‘C _.] + ) .
+L-(2) +(2) T (2), L-(2)] =0, +2) =iz =it < Lax connection

0+ L_(2) —0_L4(2) + [L+(2),L_(2)] =0 Li(z) =30 +23  Lo(2) =49



Integrable sigma models on T

G = SU(2) with g = su(2) generated by I, = i0,/2, where o, is the a-th Pauli matrix

O . O'(Il) = —11, O‘(IQ) = —IQ and 0'(13) = 13

g9 = u(l) = span{I3}
GO =U(1) = exp(RI3)

Pick the following parametrisation for the fields (g1, g2) € SU(2) x SU(2)

g1 = exp (¢113) exp (0112) exp (Y13),
go = exp (—¢213) exp (—0215) exp (—13)

Action

/ / dzx dt (A2 + A7+ (A" = A7) c08(201)) 0 9104+ ¢1 + 227 O_0104.01 +2X% O_pOp +4X° O_ 1049 cos 0,
)\2+)\§+ (A% = 23) c08(202)) O— 204 P2 +2A3 O— 020, 05 + 227 O_1)01 1) +4A? D_1h0.4 ¢ cos O
+4)\? (COS 01 0_¢1 + a_w) (Cos 0 04 P2 + 8#;))

Gauge symmetry

~

gr — grh, h € U(1) e (b, ) = (¢ + 0,9 — ) =  set¢y=0



Integrable sigma models on T

S = %//dx dt (Gij + Bq;j)a—yiajtyj
Topologically SU(2) x SU(2) /U(l)

ds* = Gi;dy'dy’ = \3(d07+sin® 6, dg3)+A5(d05+sin® Oy dp3)+A?(dyp-+cos 01 dgy+cos By deps)?

1 . :
B = §Bij dy* A dy? :”%\i(cos 01 do1 + dip) A (cos O doo + dop).

A? = A3 =3)?/2 « Einstein manifold

M =X =X < conformal GMM model



Integrable sigma models on T

Explicit form of the ILax connection in terms of

(917 927 le, ¢27 w)

/:’:I:: ?I:Ia £:|:Z ?l:la

04 L(2) = 0_L(2) + [L4(2), L-(2)] = 0,
0+ L(2) = 0-L1(2) + [L4(2), L-(2)] = 0

()\2 — )\%)z

51 - 2
,C_|_ = )\222 — )\% S111 91 (94_@51, £+ = )\222 — )\% (9+(91,
1
Ei =27 e (A2 = A7) cos b1 D11 — A?(2° — 1)(cos b2 D4 o + O10))),
M
inf; 0_ 0_0
prosmhod o O m 5,04,
z z
_ 4—
EN}F = zsin 6y 01 ¢, ,CZ = —20405, Z‘i = —cos 3 01 ¢a,
~ A2 — )2 - A2 — \2
Ll = — ()\%Z2 _2)?; sin s O_ 2, L2 = ()\ng _2)?23 0_0-,
L3 = m((v — A3)2% cos s O_¢a + A* (2> — 1)(cos 01 O_¢1 + O_1))
2

_— ~




Spinning strings on T+

B =k (cos 6y dgp; + dy) A (cos Oz doo + dip)

T

arbitrary k = 0 embeds into AdSs x TH1
near-horizon limit of the Klebanov-Witten setup

Spinning string ansatz

0; = 0;(x), Qi = w;it + @(x), Y = ()

Evolution equations for non-isometric coordinates

; . A2 k? % A3 k2 — 4
91 = W1 Sln01 (Cdl (()\—% — 1) + )\2)\% ((1 — )\—%) + m)) COSel — W )\Z—A%COSQ2) ;
. , % K % % k2 — M
05 = wo sin 05 (w2 (()\_3 — 1) + )\2)\% ((1 — )\—%) + Sin492>) cos 65 T w1 )\2—)\300891) ,

D

For k = \? equations separate



Derivation



Canonical fields on TG ~ G X g

D is either the real line R or the circle S?!

Consider fields on D with values in T"°G ~ G x g

g(x), X (x), where z €D

Canonical Poisson bracket Y Y
{91(2), 92(y)} =0,
{Xl(’r)a gg(y)} — gg(x)cﬁ(sxya 5933/ =0(r —y)

.....

012 = Ia R 1Y € g X g < split Casimir



Canonical fields on TG ~ G X g

Define the following g-valued current:

Momentum
Pa = [ do k(i) X(a)
D
generates the spatial derivatives of the fields g and X

{Pc,g(x)} = 0r9(x) and {Pc, X(z)} = 0, X ()



Canonical fields on TG ~ G X g

Wess-Zumino term and current W (x)

/ closed

Iwzlg] = /// dr dtd§ %([g‘laxg,g‘lﬁtg},g_lﬁgg)
B
Extend the space-time D X R to a 3-dimensional manifold B with boundary 0B =D x R

Twzlg] = //D dadt (W,g™'0hg
X

W is a g-valued current depending g and its spatial derivatives

{g1(z), Wa(y)} =0, {j1(z), Wa(y)} =0

{X1(z), Wa(y)} + {Wi(z), X2(y)} = [Cr2, Wi(z) — j1(x)]0xy

K(](ZE)? W(:U)) —



Affine Gaudin models T = 2

Data €2’O’ EN,ll
gll‘ 67’1.
61,00
521ﬂ fro 4 fNoﬂ
AK—X X <—> C
L1 <92 e <N
&
i) N sitesat {z1,...,2r,...28}, 2zr €ER"

i1) Fach site has multiplicity two :

to each site two levels (real numbers) are associated ¢, € R and /,; € R*

Data are encoded in the twist function

N 1 k@rp
p(z) = ) ::Sj ((_1()1%)_ Z,r)p—l-l

r=1 p=0 k=0

The sum over k € {0,1} and the factors (—1)* encodes the T = 2 dihedrality of the model

o



Affine Gaudin models

Takiff currents and phase space

Two each site one associates two g-valued fields 7, jo)(z) and J;.;17(x), called Takiff currents

{Tr101(2), Ts 1012(¥) } = 0rs ([Cr2, Trj011.(%)] 02y — £r,0C120,,)
{Trjo1(@), Ts,12(®)} = 0rs ([Crz, Tr, 112 (2)]02y — £r,1C126,,)
{Tr (@), Tsy2(y) ) = 0.

'\ Phase space of AGM

Impose the first-class condition

N
E 67",0 —
r=1



Affine Gaudin models

Gaudin Lax matrix

k lcj Ip
YYY Sl

frlpOkO

{Fl(zvx)vrg(way)} — [Rgz('z?w)vrl(zvx)]émy [

(w, z Fg(w )]0y

( 9(2) + R (w,2)p(w)) &,

w) = ] : i_z
5210 1

k=0

RY 1o satisfies the classical Yang-Baxter equation

[Rg)__z(zlv 22)7 R?__3<Z17 23)] =+ [Rg)__2(z17 ZQ), Rg_3(227 23)] =+ [Rgz (237 22)7 Rg)__3(217 23)] =0



Hamiltonian formulation

Realization of AGM

N G-valued fields g1 (z),--- ,gn(x)

" | N g-valued fields X (z), -, Xn(x)

. .
Trj0)(x) = Xr(2) - QO]r(x) | 20 W, (z)
j’l“,[l] (CC) — €r71 .j’l“ (ZU) W7 jlrrent

Takiff brackets are satisfied



Hamiltonian formulation

¢©(z)dz has zeroes at zero and infinity and it has 4N poles
By Riemann-Hurwitz #zeros — #poles = 29 — 2 = —2 — #zeros = 4N — 2 =4(N — 1) + 2
N —
{¢i, =G}, i=1,...,2N =2

T 7222 - )

N
1
SO(Z) — 2K HN 1(22 . 22)2 K — 5 ZZT (Zr KT,O + 2€T,1)
r= r r=1
Qz) = ~ 55 [ do #(0(z2). Tz, 2) drati i currnt
<) = — r K 2y ), Z, T <— quadratic 1n currents
2¢0(2) Jp
Qi = fiSC,Q(Z)dZ’ i=1,...,2N — 2, Q, =0_;
Local charges
in involution Qo = ,fg% Q(z)dz
Naive Hamiltonian
2N —2
=6 +2 » €+ cxQu < real
=1

€, €00 = {1} — relativistic invariance



Hamiltonian formulation

Constraint

Z=00 u—0 U U

C(x) = — res I'(z,z)dz = lim 11“ (1,:1:)

The models we are interested in are defined on a reduced phase space, obtained from canonical fields
on T*GY by imposing

C(x) =0
We have
{Q;,C(x)} =0, Vie{0,---,2N — 2} {Q00,C(x)} = 0,C(x)
{H,C(2)} = €c0,C(x) = {H,C(x)} =
Ist class

(C1(2).Ca(w)} = [C12,C1()) by ) ¢ 4O g 5O

— (T ) €8, — 0



Hamiltonian formulation

Hamiltonian

HT=H—I—/Ddx k(p(x),C(x))

\ Lagrangian multiplier

dx /i(e(x,t),C(x)),(’)} = /Dd:v k(e(z,t), {C(x),0}) e(x,t) € g

Gauge symmetry ,_ { /

Ocr — 3r , b
Infinitesimal ; gr(2) = gr(2)e(=,?)

0 Yr(z) = [Yo(x), e(x,t)] + —(9 €(x,t) Y, =X, + b, oW, /2

E’I",O

> hlo,h h(z,t) € GO

Global - gr — grh and Y. — h= Y. h +

The gauge symmetry acts on (g1,---,gn) € G by right translation of the diagonal subgroup

dlag { h cG 0)}



Hamiltonian formulation

Hamiltonian reduction

o Initial phase space P = T*GY with symmetry Gc(i(i);g cauge

e Moment map C(x)

e Reduced phase space

p, = {T°GY, C(x) =0} /c©

diag, gauge

The “physical” coordinate fields of the model are fields on the quotient G" / Ggi);g

The constraint C(x) = 0 eliminates the corresponding superfluous conjugate momentum fields

Pr = T*(GN/G((E;g)

(0)

Lagrangian model is defined on GV /G diag



Hamiltonian formulation

LLax connection and Maillet bracket

['(z,x)

Define L(z,z) = o)

O L(z,x) — O M(2,2) + [M(2,2), L(2,2)] = 0.

N
_ (1) (1)
o T0z) v & (DWTG) B B B@) =~ (x5 + )
M(z,x) = + — €00 — €00 z+ ulx —
AT R PP i R TR 5
B1(0) = = 3 o (o + 27 )




[ agrangian formulation

N=2: GXG/G

diag ¢ = —1,eg = —1,60 = +1,e6 = +1

The passage to the Lagrangian formulation is done by means of the inverse Legendre transform

S[g1, go] Zi//dxdt %(ijo,r)—/dt”ﬂ
r=1 \

\_‘//
2 2
- éfr 0

Slg1, g2] = Z//dlﬁdt K (Yr, Jor) — /dt H — Z 5 Iwz |gr]

r=1 r=1

jor =g, {Mr,g,} = Zzbq(f?]é’“ + 20V +
s=1 k=0
Yl(o) + YQ(O) = —%0 jfo) — 6270 jéo) < constraint

vy = v 4y ®

: 1 L
Y, — Yz(o) N Yz(l)} are solved in terms of jo, = ¢~ "Oig and j, = g~ "0zg



[ agrangian formulation

Slg1, g} Z // dwdt (p% w (557,5%) + o (8. 550) ) + £ wz[91] = £ Iz [g5]

r,s=1

o_ o _K&-&  o_ (1-G)@-C)  _ (1-¢C)(@-F)
Pl(i —P2% Y (1—:132;2’ 1% =K (;__ x2)3 ; 22 =K (1_332)3 =
) _ KO-2G+CEE) o) pr(l-G) (@ )
1=y (1— 22y o P12 T (1— 22)° :
b_ (-3 E-G) g K (-G 28
Par = z(1—22)° ’ 22 22 (1 — 22)*

é:KZxQ—FQCECi—(l;I—x (2 +C+) " 0/2—52 0/2
(1 —a?)3

IN —2=3x2—2=4parameters zo =z, (+ =(1, (- = and K

The action has the gauge symmetry  gr(z,t) — gr(x,t)h(z,t) with h(z,t) € GV

Polyakov & Wiegmann
1
Fwz[grh] = Twz[gr] + Twz[h] - 5//dazdt[ (50 @-mh™) & (). @cm)n™)]



[ agrangian formulation

Reformulation

2 2
S = ZSWZW’;%[QT] —4K//dx dt Z UI)‘SSZ zr_eg /{Q(R({_z(waZ)¢+(Z)S@—(w)7j+,rlj—,sz)
1 s #—~<r

r,s=1

where

%
Swaw, 2[9] = 5//dwdt k(g '0+9,9710_g) + # Iwz|g]

and @4 (2z) are functions defined as

_ 2% — C—% an zZ) = Z(ZQ _ CE)
90+(Z) (z2 z%)(zZ _ Z%) d SO_( ) (22 z%)(ZZ — z%)



Future Directions



New integrable models on G*V / G from affine Gaudin models

dlag

S = ZSWZWfé //dﬂ?dt u}"ES e g, (R12(w z)py (2 )@—(w)aﬂ,rlj—,sz)

Y Study RG flow. Is integrable 71! flows to the GMM fixed point?

% Integrable sigma model on Lorentzian spaces Wyo=SL(2,R) x SL(2,R)/U(1)?

* Integrable coset sigma models based on supergroups
Interesting case G = PSU(1, 1|2)



