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MOTIVATION  (Physical interpretation)

𝑉 = 𝜇𝐼

Computation on conformal modulus of Quadrilaterals
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The plan of the presentation
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Computation on conformal modulus of Quadrilaterals



CONFORMAL MAPPING on COMPLEX PLANE

CONDITION 1:
HOLOMORPHISM

𝜕𝑓(𝑧)

𝜕 ҧ𝑧
= 0

CONDITION 2:
LOCAL BIJECTION

𝜕𝑓(𝑧)

𝜕𝑧
≠ 0
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Conformal equivalence relation



Identity - Reflection:          𝑓 𝑧 = 𝑧 is conformal

Conformal Equivalence Relation

Inverse - Symmetry:           If 𝑓 is conf. so is 𝑓−1

Composition - Transition:  If 𝑓 and 𝑔 are conf.
so is 𝑔 ∘ 𝑓
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Conformal equivalence relation



Riemann Mapping Theorem
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Conformal equivalence relation



The Jordan Curve Theorem
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Conformal equivalence relation



Caratheodory Extension Theorem
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Conformal equivalence relation



𝑓: 𝐴, 𝐵, 𝐶 → 𝐴∗, 𝐵∗, 𝐶∗
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Conformal equivalence relation



𝑓: 𝐴, 𝐵, 𝐶, 𝐷 → 𝐴∗, 𝐵∗, 𝐶∗, 𝐷∗
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Conformal classification of quadrilaterals



Definition: Suppose 𝑀 is some set. It is called 
the set of conformal invariants if there exists 
bijection

𝑀 ≅𝑏𝑖𝑗 {𝑄/𝐶}
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Conformal classification of quadrilaterals



Example: ξ is a conformal invariant

𝑥1, 𝑥2, 𝑥3, 𝑥4 → 0, 1, 𝜉,∞ 𝜉 =
𝑥3 − 𝑥1
𝑥3 − 𝑥4

𝑥2 − 𝑥4
𝑥2 − 𝑥1

> 1
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Conformal classification of quadrilaterals



𝑄 𝑞1, 𝑞2, 𝑞3, 𝑞4 ≃𝑐𝑜𝑛𝑓 𝐻 𝑥1, 𝑥2, 𝑥3, 𝑥4

Proof: 𝜉 is the same for conformally equivalent quadrilaterals

𝑄′ 𝑞1
′ , 𝑞2

′ , 𝑞3
′ , 𝑞4

′ ≃𝑐𝑜𝑛𝑓 𝐻 𝑥1
′ , 𝑥2

′ , 𝑥3
′ , 𝑥4

′

𝐻 𝑥1, 𝑥2, 𝑥3, 𝑥4 ≃𝑐𝑜𝑛𝑓 𝐻 𝑥1
′ , 𝑥2

′ , 𝑥3
′ , 𝑥4

′

but 𝜉 is invariant under bilinear maps. Thus

𝐴𝑢𝑡𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝐻 =: 𝑓 𝑧 =
𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
;

𝜉 =
𝑥3 − 𝑥1
𝑥3 − 𝑥4

𝑥2 − 𝑥4
𝑥2 − 𝑥1

=
𝑓 𝑥3 − 𝑓 𝑥1
𝑓 𝑥3 − 𝑓 𝑥4

𝑓(𝑥2) − 𝑓 𝑥4
𝑓(𝑥2) − 𝑓 𝑥1

= 𝜉′
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Conformal classification of quadrilaterals



𝑄 𝑞1, 𝑞2, 𝑞3, 𝑞4 ≃𝑐𝑜𝑛𝑓 𝐻 0, 1, 𝜉,∞

Proof: The same 𝜉 corresponds to the same class

𝑄′ 𝑞1
′ , 𝑞2

′ , 𝑞3
′ , 𝑞4

′ ≃𝑐𝑜𝑛𝑓 𝐻 0, 1, 𝜉,∞

𝑄 𝑞1, 𝑞2, 𝑞3, 𝑞4 ≃𝑐𝑜𝑛𝑓 𝑄′ 𝑞1
′ , 𝑞2

′ , 𝑞3
′ , 𝑞4

′
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Conformal classification of quadrilaterals



There is another conformal invariant…

𝐻 0, 1, 𝜉,∞ ≃𝑐𝑜𝑛𝑓 𝐻{−𝜂,−1, 1, 𝜂} 𝜂 =
𝜉 + 1

𝜉 − 1
> 1; k =

1

𝜂
;

𝜉: 1,∞ ≅𝑏𝑖𝑗 𝑘: 0, 1

𝑑𝑘

𝑑𝜉
=

1

𝜉 𝜉 + 1
2 > 0
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Conformal classification of quadrilaterals



The following is true

two 
quadrilaterals
are said to be 
conformally 

equivalent to
each other iff
their relevant
𝜉 is the same!

two 
quadrilaterals
are said to be 
conformally 

equivalent to
each other iff
their relevant
𝑘 is the same!
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Conformal classification of quadrilaterals



FROM THE UPPER HALF PLANE INTO THE 
RECTANGLE
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Conformal modulus of quadrilaterals



The rectangle: {𝐷𝑥, 𝐷𝑥 + 𝑖𝐷𝑦, −𝐷𝑥 + 𝑖𝐷𝑦, −𝐷𝑥}

Where 𝑘′ = 1 − 𝑘2;

𝐷𝑥 = 𝐵𝑘න

0

1
𝑑𝜔

1 − 𝜔2 1 − 𝑘2𝜔2
= 𝐵𝑘𝐾 𝑘 > 0

𝐷𝑦 = 𝐵𝑘න

0

1
𝑑𝜔

1 − 𝜔2 1 − 𝑘′2𝜔2
= 𝐵𝑘𝐾 𝑘′ > 0
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Conformal modulus of quadrilaterals



MODULUS AS FUNCTION OF “VERTICES”

Where k =
1

𝜂
=

𝜉−1

𝜉+1
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Conformal modulus of quadrilaterals



EQUIVALENCE OF MODULUS, “𝑘” AND “𝜉”

2

0
1 𝜔2𝑑𝜔

1 − 𝜔2 1 − 𝑘2𝜔2
3
2

0
1 𝑑𝜔

1 − 𝜔2 𝑘2𝜔2 + 1 − 𝜔2
+ 0

1 𝑑𝜔

1 − 𝜔2 1 − 𝑘2𝜔2
0
1 𝜔2𝑑𝜔

1 − 𝜔2 𝑘2𝜔2 + 1 − 𝜔2
3
2

0
1 𝑑𝜔

1 − 𝜔2 𝑘2𝜔2 + 1 − 𝜔2

2 𝑘

𝜉: 1,∞ ≅𝑏𝑖𝑗 𝑘: 0, 1 ≅𝑏𝑖𝑗 𝜇: 0,∞ ;

This is always positive. So, the modulus increases when 𝑘 varies from “0” to “1”

Thus there is one to one map
between 𝜉, 𝑘 and modulus, where

𝜉 =
𝑥3 − 𝑥1
𝑥3 − 𝑥4

𝑥2 − 𝑥4
𝑥2 − 𝑥1
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Conformal modulus of quadrilaterals



An important question:

𝜇 𝜉 ?
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The new method of calculation



𝜇 𝑞2, 𝑞3, 𝑞4, 𝑞1 =
1

𝜇 𝑞1, 𝑞2, 𝑞3, 𝑞4

𝜉-transformation

𝜇, 𝑘, 𝜉 ↔𝜉

1

𝜇
,
𝜉 − 𝜉 − 1

𝜉 + 𝜉 − 1
,

𝜉

𝜉 − 1
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The new method of calculation



𝑘-transformation

𝜇, 𝑘, 𝜉 ↔𝑘

4

𝜇
, 1 − 𝑘2,

1 + 1 − 𝑘2

1 − 1 − 𝑘2

2

𝜇 1 − 𝑘2 =
4

𝜇 𝑘
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The new method of calculation



Non-symmetric combinations and the infinity chain

… ↔𝑘

1

4𝜇
↔𝜉 4𝜇 ↔𝑘

1

𝜇
↔𝜉 𝜇 ↔𝑘

4

𝜇
↔𝜉

𝜇

4
↔𝑘

16

𝜇
↔𝜉 …

22𝑠𝜇 or    22𝑠𝜇−1
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The new method of calculation



𝜇, 𝑘, 𝜉 ↔𝜉

1

𝜇
,
𝜉 − 𝜉 − 1

𝜉 + 𝜉 − 1
,

𝜉

𝜉 − 1

Suppose 𝜇 = 1. Using 𝜉-transformation 

𝜉 =
𝜉

𝜉−1
= 2,          𝑘 =

2−1

2+1
;
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The particular case



Suppose 𝜇 = 2. Using 𝑘-transformation 

𝑘 = 1 − 𝑘2 =
1

2
,           𝜉 =

1+
1

2

1−
1

2

2

;

𝜇, 𝑘, 𝜉 ↔𝑘

4

𝜇
, 1 − 𝑘2,

1 + 1 − 𝑘2

1 − 1 − 𝑘2

2
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The particular case



Two independent chains

1 ↔𝑘 4 ↔𝜉

1

4
↔𝑘 16 ↔𝜉

1

16
↔𝑘 64 ↔𝜉

1

64
…

2 ↔𝜉

1

2
↔𝑘 8 ↔𝜉

1

8
↔𝑘 32 ↔𝜉

1

32
↔𝑘 128…
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The particular case



Some discrete 
values of 

conformal 
invariants
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The particular case



Discrete graph of “𝜇 𝜉 ”
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The particular case



න
0

1 𝑑𝜔

1 − 𝜔2 1 − 𝑘2𝜔2
=

𝜋/2

𝑀 1, 1 − 𝑘2
; → 𝜇 𝑘 = 2

𝑀 1, 𝑘

𝑀 1, 1 − 𝑘2
;

It is well known that

where

𝑀 𝑎0, 𝑏0 = lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

𝑏𝑛 ;

𝑎0 ≥ 𝑏0 > 0; 𝑎𝑛 =
𝑎𝑛−1 + 𝑏𝑛−1

2
; 𝑏𝑛 = 𝑎𝑛−1𝑏𝑛−1;
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The relation to AMG functions



Properties of AGM

Let 𝑎0 = 1 and 𝑏0 = 𝑘, then

… = 1 + 1 − 𝑘2 𝑀−1 1,
1 − 1 − 𝑘2

1 + 1 − 𝑘2
= 𝑀0 1, 𝑘 =

1 + 𝑘

2
𝑀1 1,

2 𝑘

1 + 𝑘
= ⋯

… = 𝑀 𝑎−1, 𝑏−1 = 𝑀 𝑎−1, 𝑏−1 = 𝑀 𝑎0, 𝑏0 = 𝑀 𝑎1, 𝑏1 = 𝑀 𝑎2, 𝑏2 = ⋯

1) Symmetry:  𝑀 𝑎, 𝑏 = 𝑀 𝑏, 𝑎
2) Bilinearity:  q𝑀 𝑎, 𝑏 = 𝑀 𝑞𝑎, 𝑞𝑏
3) Sequence invariance:

General form …𝑣−1 𝑘 𝑀−1 1, 𝜏−1 𝑘 = 𝑣0 𝑘 𝑀0 1, 𝜏0 𝑘 = 𝑣1 𝑘 𝑀1 1, 𝜏1 𝑘 …
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The relation to AMG functions



Recurrent formulas:

Let 𝜏𝑟 𝑘 =

2 𝜏𝑟−1 𝑘

1+𝜏𝑟−1 𝑘
;

𝑘;

1− 1−𝜏𝑟+1
2 𝑘

1+ 1−𝜏𝑟+1
2 𝑘

;

𝑣𝑟 𝑘 =

ς𝑝=0
𝑟−1 1+𝜏𝑝 𝑘

2
; 𝑟 > 0

1; 𝑟 = 0

ς𝑞=𝑟+1
0 1 + 1 − 𝜏𝑞

2 𝑘 ; 𝑟 < 0

Then 𝜇𝑟 = 2
𝑀0 1,𝑘

𝑀𝑟 1, 1−𝑘2
= 2𝑣𝑟 𝑘

where 𝑘 is the solution of the following equation: 1 − 𝑘2 = 𝜏𝑟 𝑘
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The relation to AMG functions



The DISCRETE
SPECTRUM of
𝑘 parameter

One 𝑟
One 𝑘𝑟
One 𝜇𝑟

For each 𝑟
there exist
only one
solution
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The relation to AMG functions



The DISCRETE
SPECTRUM of
the Modulus
(“AMG” chain)

𝑟 = 3; 𝜉 = 1.2070; 𝑘 = 0.047; 𝜇 = 0.7070;
𝑟 = 2; 𝜉 = 2.0002; 𝑘 = 0.1716; 𝜇 = 1.0000;
𝑟 = 1; 𝜉 = 5.8280; 𝑘 = 0.4142; 𝜇 = 1.4142;
𝑟 = 0; 𝜉 = 33.9687; 𝑘 = 0.7071; 𝜇 = 2;
𝑟 = −1; 𝜉 = 452.4858; 𝑘 = 0.9102; 𝜇 = 2.8284;
𝑟 = −2; 𝜉 = 17992.2344; 𝑘 = 0.9852; 𝜇 = 3.9998;
𝑟 = −3; 𝜉 = 3302149.76033; 𝑘 = 0.9989; 𝜇 = 5.6574;

𝜇 𝜉 is monotonic and slowly increasing function
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The relation to AMG functions



𝑟 = 0; 𝜉 = 33.9687; 𝑘 = 0.7071; 𝜇 = 2;

𝑟 = ±1 𝑟 = ±2
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The relation to AMG functions



The discrete 
graph of 𝜇 𝑘
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The relation to AMG functions



Approximate formula of modulus

For the interval 𝑘 ∈ 0, 0.171572875254 and 𝜇 ∈ 0, 1
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The relation to AMG functions
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The relation to AMG functions



Summary:

1) We have proven that the modulus is conformal invariant of 
quadrilaterals.

2) Using the properties of the modulus we have established the new 
method of finding some discrete values by the known ones.

3) Using the relation to AMG functions we have established another 
method of calculating and joined these two methods together.

4) After all we did not give up and found the approximate formula for 
the further calculations on some local interval.
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Computation on conformal modulus of Quadrilaterals
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THANK
YOU FOR 

ATTENTION!


