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JUST A RECAP OF THE LAST 
LECTURE

• Introduced Euclidean path integral and gave expression for expectation value of an 
operator O 

• Presented an algorithm to generate configurations with probability proportional to the 
Boltzmann factor

• Various properties of the system could be probed in the large time limit

hE0|Ô(x̂)|E0i =
R
[dx(t)]O(x)e�S[x(t)]

R
[dx(t)] e�S[x(t)]

<latexit sha1_base64="OgfjMTMk3G/lMxikjyh7c+B8uAg="></latexit>

Metropolis-Hastings Algorithm



WHAT YOU MIGHT HAVE NOTICED. . .

hE0|Ô(x̂)|E0i =
R
[dx(t)]O(x)e�S[x(t)]

R
[dx(t)] e�S[x(t)]

= lim
tf�ti

hxf , tf |O(x)|xi, tii
hxf , tf |xi, tii

<latexit sha1_base64="a8cMdH5IE+1M8gkex9uspMrC4R8="></latexit>

Independent of xf and xi?

hxf |e�H(tf�ti)|xii = hxf |U(tf , ti)|xii ⇡
⇣ m

2⇡a

⌘N/2
Z 1

�1
dx[1] dx[2] dx[3] . . . dx[N � 1]e�Slat[x]

<latexit sha1_base64="AzvRGlT+eN5KMK8p8giO8ipTCiY="></latexit>



IT’S REALLY STATISTICAL 
PHYSICS

set xf = xi ⌘ x[0]
<latexit sha1_base64="kCwR7K5j1LLlxCNI/MiQeuXDRWs=">AAACMnicbVDLSsNAFJ3xWeurrUs3g0VwVZIq6EYounFZwT4gDWEymbRDJ5M4Mykppb/iVj/An9GduPUjnLZZ2NYDFw7n3Ms9HD/hTGnL+oAbm1vbO7uFveL+weHRcalcaas4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH97P/M6ISsVi8aTHCXUj3BcsZARrI3mlSuaFt5nHevQ5ZSOUOZbrlapWzZoDrRM7J1WQo+mVYaEXxCSNqNCEY6Uc20q0O8FSM8LptNhLFU0wGeI+dQwVOKLKnczDT9G5UQIUxtKM0Giu/r2Y4EipceSbzQjrgVr1ZuJ/npPq8MadMJGkmgqyeBSmHOkYzZpAAZOUaD42BBPJTFZEBlhiok1fS18WSZck3495sCJF06Lpzl5tap206zX7slZ/vKo27vIWC+AUnIELYINr0AAPoAlagIAMvIBX8Abf4Sf8gt+L1Q2Y35yAJcCfXxICqcQ=</latexit>

and integrate over all values of x[0]

Z
[dx] !

⇣ m

2⇡a

⌘(N+1)/2
Z 1

�1
dx[0]dx[1]dx[2]dx[3] . . . dx[N � 1]

<latexit sha1_base64="RxBjCN0YQpwoq+CLHarM2Z6uEX0="></latexit>

hE0|Ô(x̂)|E0i =
R
[dx(t)]O(x)e�S[x(t)]

R
[dx(t)] e�S[x(t)]

=
1

Z
tr
h
Ôe

��H

i

Z =tr
⇥
e
�H

⇤
<latexit sha1_base64="+81LudMLdt9ZFS7u/8jvlmvi73s="></latexit>

PBCs



HOW DO THINGS CHANGE WHEN 
DEALING WITH A QUANTUM FIELD 

THEORY?
• Recall that for field theories, degrees of freedom are represented as fields, e.g.

• Field theories are defined by their Lagrangian—no problem, this is what we’ve 
been using all along!

Quantum 
Mechanics

Quantum 
Field Theory

x(t) 7! �(x, t) = �(x)
<latexit sha1_base64="LhYdGl2j+m0iUnl3XFo0WlCwrg8="></latexit>

Quantum 
Mechanics

Quantum 
Field TheoryL[ẋ(t),x(t)] 7! L[�̇(x),�(x)]

<latexit sha1_base64="cZhYPMaSSZk6Y7Tk6C0oy0//Ev0="></latexit>



LET’S TURN OUR 1-D HO 
INTO A FIELD THEORY!

1

2

�
mẋ2 +m!2x2

�
+�m2!3x4

7! 1

2
�̇(x)2 +

1

2
(r�(x))2 +

m2

2
�(x)2 + ��(x)4

<latexit sha1_base64="PjAqqhGWJfFgrUFKoCaYeFpxRPg="></latexit>

phi-4 theory (Euclidean space)



AS BEFORE, WE DISCRETIZE THE 
COORDINATES

• Not only do we discretize the time coordinate, we 
discretize the spatial coordinates as well since the 
fields also depend on them

⌫̂
<latexit sha1_base64="8MuIBJtFSJGP06nHmu7iswHSWHI=">AAACJnicbVDLSgMxFE181vpqdekmWARXZaYKuiy6cVnBPqAzlEwm04bmMSQZoQz9Cbf6AX6NOxF3foppOwvbeiBwOOde7smJUs6M9bxvuLG5tb2zW9or7x8cHh1XqicdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS+n/ndZ6oNU/LJTlIaCjyULGEEWyf1ghG2KJDZoFLz6t4caJ34BamBAq1BFZaCWJFMUGkJx8b0fS+1YY61ZYTTaTnIDE0xGeMh7TsqsaAmzOeBp+jCKTFKlHZPWjRX/27kWBgzEZGbFNiOzKo3E//z+plNbsOcyTSzVJLFoSTjyCo0+z2KmabE8okjmGjmsiIywhoT6zpaurJIuiRFkeLxiiSmZdedv9rUOuk06v5VvfF4XWveFS2WwBk4B5fABzegCR5AC7QBARy8gFfwBt/hB/yEX4vRDVjsnIIlwJ9fYiqlZw==</latexit>

µ̂
<latexit sha1_base64="ZltmFO/W2FTDDaSAvXB4qpeIvEY=">AAACJnicbVDLSgMxFE181vpqdekmWARXZaYKuiy6cVnBPqAzlEwm04bmMSQZoQz9Cbf6AX6NOxF3foppOwvbeiBwOOde7smJUs6M9bxvuLG5tb2zW9or7x8cHh1XqicdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS+n/ndZ6oNU/LJTlIaCjyULGEEWyf1ghG2KBDZoFLz6t4caJ34BamBAq1BFZaCWJFMUGkJx8b0fS+1YY61ZYTTaTnIDE0xGeMh7TsqsaAmzOeBp+jCKTFKlHZPWjRX/27kWBgzEZGbFNiOzKo3E//z+plNbsOcyTSzVJLFoSTjyCo0+z2KmabE8okjmGjmsiIywhoT6zpaurJIuiRFkeLxiiSmZdedv9rUOuk06v5VvfF4XWveFS2WwBk4B5fABzegCR5AC7QBARy8gFfwBt/hB/yEX4vRDVjsnIIlwJ9fYG6lZg==</latexit>



• Under this discretization, for example, we can approximate the Laplacian in the following 
manner:

• The action, defined as

can be approximated by discrete sums and differences over the field Φ(x) at the 
discrete lattice points

4X

µ=1

(@µ)
2 �(x) ⇡ 1

a2

4X

µ=1

(�(x+ µ̂a) + �(x� µ̂a)� 2�(x))
<latexit sha1_base64="yBK0mqx3uU+wpRR9OwchKn8YOmM="></latexit>

S =

Z
d4x L[�̇(x),�(x)]

<latexit sha1_base64="1vQA34em+8F81ancFtSBoTluwMc="></latexit>



THERE ARE SOME FUNDAMENTAL 
DIFFERENCES, HOWEVER

• Generally, we are interested in calculating expectation values of various operators with 
respect to the ground state, but here the ground state of a field theory is simply the 
vacuum,

• What are the quantized excitations of a field theory?

Quantum 
Mechanics

Quantum Field      
Theory

“vacuum state”

|E0i 7! |0i
<latexit sha1_base64="VoiXkR1k+5ohV7o07Zd7RO8U3RE=">AAACPHicbZBLS8NAEMc3Pmt9tXrUQ7AInkpSBT0WRfBYwT6gCWGz2bRL9xF2N0JJe/HTeNUP4Pfw7k28enbbRrCtAwN/fjPDzPzDhBKlHefdWlldW9/YLGwVt3d29/ZL5YOWEqlEuIkEFbITQoUp4bipiaa4k0gMWUhxOxzcTOrtRywVEfxBDxPsM9jjJCYIaoOC0vHoNnA8CXmPYo/BRGlhj35BUKo4VWca9rJwc1EBeTSCslXwIoFShrlGFCrVdZ1E+xmUmiCKx0UvVTiBaAB7uGskhwwrP5u+MbZPDYnsWEiTXNtT+ncig0ypIQtNJ4O6rxZrE/hfrZvq+MrPCE9SjTmaLYpTaptfJ57YEZEYaTo0AiJJzK026kMJkTbOzW2ZXTqHwlDQaAGxcdF45y46tSxatap7Xq3dX1Tq17mLBXAETsAZcMElqIM70ABNgMATeAYv4NV6sz6sT+tr1rpi5TOHYC6s7x+2Yq4e</latexit>



THERE ARE SOME FUNDAMENTAL 
DIFFERENCES, HOWEVER

• Generally, we are interested in calculating expectation values of various operators with 
respect to the ground state, but here the ground state of a field theory is simply the 
vacuum,

• What are the quantized excitations of a field theory?

Quantum 
Mechanics

Quantum Field      
Theory

“vacuum state”

Answer—The excitations of a field correspond to 
particles

|E0i 7! |0i
<latexit sha1_base64="VoiXkR1k+5ohV7o07Zd7RO8U3RE=">AAACPHicbZBLS8NAEMc3Pmt9tXrUQ7AInkpSBT0WRfBYwT6gCWGz2bRL9xF2N0JJe/HTeNUP4Pfw7k28enbbRrCtAwN/fjPDzPzDhBKlHefdWlldW9/YLGwVt3d29/ZL5YOWEqlEuIkEFbITQoUp4bipiaa4k0gMWUhxOxzcTOrtRywVEfxBDxPsM9jjJCYIaoOC0vHoNnA8CXmPYo/BRGlhj35BUKo4VWca9rJwc1EBeTSCslXwIoFShrlGFCrVdZ1E+xmUmiCKx0UvVTiBaAB7uGskhwwrP5u+MbZPDYnsWEiTXNtT+ncig0ypIQtNJ4O6rxZrE/hfrZvq+MrPCE9SjTmaLYpTaptfJ57YEZEYaTo0AiJJzK026kMJkTbOzW2ZXTqHwlDQaAGxcdF45y46tSxatap7Xq3dX1Tq17mLBXAETsAZcMElqIM70ABNgMATeAYv4NV6sz6sT+tr1rpi5TOHYC6s7x+2Yq4e</latexit>



THE PATH INTEGRAL FORMALISM IS AN 
INDISPENSIBLE TOOL FOR QF THEORISTS

○ Expectation values are just as you would expect:

○ We can extract information about the spectrum of particles (i.e. excitations) associated with a field 
by using various operators that act on the vacuum state

“Correlator”

h0|Ô[�]|0i ⌘ hÔ[�]i =
R
[d�]O[�]e�S[�]

R
[d�] e�S[�]

<latexit sha1_base64="3JR7HsOkoojcX6KWHklJLIjU2X0="></latexit>

h�̂(t0)�̂(t)i =
R
[d�]�(t0)�(t)e�S[�]

R
[d�] e�S[�]

=
X

n

Cne
�En(t

0�t) t0�t���! C0e
�E0(t

0�t)

<latexit sha1_base64="x7pwVwHKuJbxZFRUyrcL2fbuXQI="></latexit>



Problem #1 (moderate):

We can also extract information about excited states in 
our quantum mechanical 1-D oscillator problem from 

the previous lecture.

First show that the following relation holds:

What is C0 ?

Use the ensemble of configurations that you generated 
from the previous lecture to extract this energy shift.  

Use periodic boundary conditions in the time direction.

hx(t0)x(t)i t0�t���! C0e
�(E1�E0)(t

0�t)
<latexit sha1_base64="SlOHil/NbqLVar+GoFjq7EOdqDk="></latexit>
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Correlator

“Effective Mass Plot”

Periodic boundary 
conditions

C(t) ⌘ hx(t)x(0)i
<latexit sha1_base64="mCA3nTlEJJsvIOiykCe03unFBNk=">AAACQXicbZBLTwIxEMe7PhFfoEcvVWICF7KLJnokcvGIiTwSdkO63QEaut217RII4eyn8aofwE/hR/BmvHqxPA4CTtLkP7+ZyUz/fsyZ0rb9YW1sbm3v7Kb20vsHh0fHmexJXUWJpFCjEY9k0ycKOBNQ00xzaMYSSOhzaPj9yrTeGIBULBKPehSDF5KuYB1GiTaonTmv5HXBhaeEDVxORJcDHhoyzNsFV87ydiZnF+1Z4HXhLEQOLaLazlopN4hoEoLQlBOlWo4da29MpGaUwyTtJgpiQvukCy0jBQlBeePZXyb40pAAdyJpntB4Rv9OjEmo1Cj0TWdIdE+t1qbwv1or0Z1bb8xEnGgQdL6ok3CsIzw1BgdMAtV8ZAShkplbMe0RSag29i1tmV+6hHw/4sEKCidp452z6tS6qJeKzlWx9HCdK98tXEyhM3SB8shBN6iM7lEV1RBFz+gFvaI36936tL6s73nrhrWYOUVLYf38AgXJryI=</latexit>
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Periodic boundary 
conditions

Hey Tom!  Where are your 
uncertainties?

C(t) ⌘ hx(t)x(0)i
<latexit sha1_base64="mCA3nTlEJJsvIOiykCe03unFBNk=">AAACQXicbZBLTwIxEMe7PhFfoEcvVWICF7KLJnokcvGIiTwSdkO63QEaut217RII4eyn8aofwE/hR/BmvHqxPA4CTtLkP7+ZyUz/fsyZ0rb9YW1sbm3v7Kb20vsHh0fHmexJXUWJpFCjEY9k0ycKOBNQ00xzaMYSSOhzaPj9yrTeGIBULBKPehSDF5KuYB1GiTaonTmv5HXBhaeEDVxORJcDHhoyzNsFV87ydiZnF+1Z4HXhLEQOLaLazlopN4hoEoLQlBOlWo4da29MpGaUwyTtJgpiQvukCy0jBQlBeePZXyb40pAAdyJpntB4Rv9OjEmo1Cj0TWdIdE+t1qbwv1or0Z1bb8xEnGgQdL6ok3CsIzw1BgdMAtV8ZAShkplbMe0RSag29i1tmV+6hHw/4sEKCidp452z6tS6qJeKzlWx9HCdK98tXEyhM3SB8shBN6iM7lEV1RBFz+gFvaI36936tL6s73nrhrWYOUVLYf38AgXJryI=</latexit>
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SOME DISCUSSION POINTS REGARDING 
QUANTUM FIELD THEORIES ON A 

LATTICE
• Quantum field theories, from a mathematical point of 

view, are ill-behaved in the ultra-violet limit—i.e. they 
suffer from infinities
• Many people have contributed to “removing” these infinities (e.g. Feynman, Dyson, etc.)
• Introduce cutoff; express observables in terms of physical parameters, instead of bare 

parameters; remove cutoff dependence with relevant counter-terms, i.e. renormalization 

• By putting QFTs on a discretized lattice, we are already 
introducing a cutoff:  the lattice spacing a 

• Removing lattice discretization effects, as well as taking the 
continuum limit (“renormalization”), is a tricky business!



• QFTs also respect certain symmetries
• Lorentz invariance
• Gauge symmetries

• These symmetries are important since conservation laws 
are derived from them

• How/Can these symmetries be preserved on a lattice?
• Lorentz invariance?            But we understand its effects
• Gauge symmetries?  Yes, but does require some extra work—come back to this later 

• Fermions obey particular statistics—How is this captured in 
our numerical path integral?
• Good question!  I will answer this question by avoiding it (for the time being)!



A FIRST LOOK AT QCD—BUT 
WITHOUT FERMIONS

• The QCD Lagrangian w/o fermions is sometimes referred to as 
Yang-Mills theory under SU(3):

This commutator is not zero ➔ 
The gauge fields interact with 
each other!  A consequence of 
the non-Abelian nature of 

SU(3).

The gauge fields are 
actually 3x3 Hermitian 

matrices that are part of 
the Lie algebra of SU(3)

Lym =
1

4
Tr (Fµ⌫(x)Fµ⌫(x))

Fµ⌫(x) = @µA⌫(x)� @⌫Aµ(x) + ig [Aµ, A⌫ ]
<latexit sha1_base64="Y4bKI+AZQJvDeKBXhQ1rZ6U5VDk="></latexit>



SO LET’S DISCRETIZE THIS 
THEORY

• A naïve first step would be to just define values 
of the vector gauge field    Aμ(x) at each lattice 
point

• A defining feature of QCD is that it is that the 
theory is invariant under SU(3) rotations—In 
other words, the Lagrangian doesn’t change 
when

position-dependent SU(3) 
matrix

But this is really bad 
for the following 

reasons. . .

Aµ(x)
<latexit sha1_base64="Kag1q0iO2CALoYZoQ28kbEHDFNQ=">AAACLHicbVDNSsNAGNz4W2PVVo9egkWol5JUQY9VLx4r2B9sQ9lsNu3S3U3Y3Ygh9C286iP4NF5EvPocbtocTOvAwjDzfXyz40WUSGXbn8ba+sbm1nZpx9wt7+0fVKqHXRnGAuEOCmko+h6UmBKOO4ooivuRwJB5FPe86W3m956wkCTkDyqJsMvgmJOAIKi09Hg9GrK4/nxmmqNKzW7Yc1irxMlJDeRoj6pGeeiHKGaYK0ShlAPHjpSbQqEIonhmDmOJI4imcIwHmnLIsHTTeeSZdaoV3wpCoR9X1lz9u5FCJmXCPD3JoJrIZS8T//MGsQqu3JTwKFaYo8WhIKaWCq3s/5ZPBEaKJppAJIjOaqEJFBAp3VLhyiJpQfK8kPpFKcAJZ9Es689ZbmuVdJsN57zRvL+otW7yJkvgGJyAOnDAJWiBO9AGHYAABy/gFbwZ78aH8WV8L0bXjHznCBRg/PwCfjWnFg==</latexit> Aµ(x+ aµ̂)

<latexit sha1_base64="qC4gyuduEjLU2/BjNYqcoapPjc4=">AAACOXicbVDLSsNAFJ3UV41VW8WVm2ARKkJJqqDLqhuXFewDmlIm00k7dGYSZiZiCfkYt/oJfolLd+LWH3DSZmFaD1w4nHMv93C8kBKpbPvDKKytb2xuFbfNndLu3n65ctCRQSQQbqOABqLnQYkp4bitiKK4FwoMmUdx15vepX73CQtJAv6oZiEeMDjmxCcIKi0Ny0c3Q5dFtedz6E6gijVPzkxzWK7adXsOa5U4GamCDK1hxSi5owBFDHOFKJSy79ihGsRQKIIoTkw3kjiEaArHuK8phwzLQTzPn1inWhlZfiD0cGXN1b8XMWRSzpinNxlUE7nspeJ/Xj9S/vUgJjyMFOZo8ciPqKUCKy3DGhGBkaIzTSASRGe10AQKiJSuLPdlkTQneV5AR3nJxzPOwiTtz1lua5V0GnXnot54uKw2b7Mmi+AYnIAacMAVaIJ70AJtgEAMXsAreDPejU/jy/herBaM7OYQ5GD8/AJu8KwQ</latexit>

Aµ(x+ a⌫̂)
<latexit sha1_base64="Jin7LV+7H2x2nGD4/TcSseavCVo=">AAACOXicbVDLSsNAFJ3UV41VW8WVm2ARKkJJqqDLqhuXFewDmlImk0k7dGYSZiZiCPkYt/oJfolLd+LWHzBpszCtBy4czrmXezhOQIlUpvmhldbWNza3ytv6TmV3b79aO+hJPxQId5FPfTFwoMSUcNxVRFE8CASGzKG478zuMr//hIUkPn9UUYBHDE448QiCKpXG1aObsc3CxvM5tKdQxTYPkzNdH1frZtOcw1glVk7qIEdnXNMqtuujkGGuEIVSDi0zUKMYCkUQxYluhxIHEM3gBA9TyiHDchTP8yfGaaq4hueLdLgy5urfixgyKSPmpJsMqqlc9jLxP28YKu96FBMehApztHjkhdRQvpGVYbhEYKRolBKIBEmzGmgKBUQqrazwZZG0IDmOT92i5OGIsyDJ+rOW21olvVbTumi2Hi7r7du8yTI4BiegASxwBdrgHnRAFyAQgxfwCt60d+1T+9K+F6slLb85BAVoP79wtKwR</latexit>

Fµv(x) ! ⌦(x)Fµv(x)⌦
†(x)

<latexit sha1_base64="SEf5vuDtbu2jRhnPCQTCoNjDVHQ="></latexit>



• This symmetry keeps the number of input parameters to 
QCD to a minimum and conserves color charge
• From a numerical standpoint, we don’t want many parameters in our simulations since they potentially 

all have to be tuned

• Unfortunately, finite differences and sums of the vector gauge 
fields DO NOT preserve this symmetry under the 
Lagrangian!

• The upshot:  for gauge fields, we need an alternative 
discretization scheme that preserves gauge symmetry



PRESERVING GAUGE 
INVARIANCE ON A LATTICE

• Let us define the following objects:

• What are these objects?
• They are simply 3x3 unitary matrices with det = 1, 

i.e. SU(3) matrices
• They depend on position

• They do not reside at lattice 
points, but between them

• “link variables”

Kenneth 
Wilson

Uµ(x) = e�i
R x+aµ̂
x gAµ(x

0)dx0
⇡ e�igaAµ(x)

<latexit sha1_base64="Aj8ewipWMe4iP3MadFr82iSFCzE="></latexit>

Uµ(x)
<latexit sha1_base64="lwuwTgNxK7MDaeSnb8MaDZk5wGg=">AAACK3icbVDNTsJAGNziHyIq6NFLIzHBC2nRRI9ELx4xsYCBhmy3W9iwu212t8am4Sm86iP4NJ40Xn0Pt9CDBSfZZDLzfflmx4sokcqyPo3SxubW9k55t7JX3T84rNWPejKMBcIOCmkoBh6UmBKOHUUUxYNIYMg8ivve7Dbz+09YSBLyB5VE2GVwwklAEFRaenTGIxY3n88r41rDalkLmOvEzkkD5OiO60Z15IcoZpgrRKGUQ9uKlJtCoQiieF4ZxRJHEM3gBA815ZBh6aaLxHPzTCu+GYRCP67Mhfp3I4VMyoR5epJBNZWrXib+5w1jFVy7KeFRrDBHy0NBTE0Vmtn3TZ8IjBRNNIFIEJ3VRFMoIFK6pMKVZdKC5Hkh9YtSgBPOonnWn73a1jrptVv2Rat9f9no3ORNlsEJOAVNYIMr0AF3oAscgAADL+AVvBnvxofxZXwvR0tGvnMMCjB+fgFoa6cW</latexit>

U †
µ(x)

<latexit sha1_base64="h1nLPXSBz+V6jwUhx37pkSXzl/0=">AAACNHicbVDNSsNAGNz4W2vVVI9egkWol5JUQY9FLx4rmLbQ1LLZbNqlu5uwuymGkDfxqo/guwjexKvPYNLmYFoHPhhmvo9vGDekRCrT/NA2Nre2d3Yre9X92sHhkV4/7skgEgjbKKCBGLhQYko4thVRFA9CgSFzKe67s7vc78+xkCTgjyoO8YjBCSc+QVBl0ljX7afE8eAkHTssaj5fVMd6w2yZCxjrxCpIAxTojutazfECFDHMFaJQyqFlhmqUQKEIojitOpHEIUQzOMHDjHLIsBwli+ipcZ4pnuEHIhuujIX69yKBTMqYudkmg2oqV71c/M8bRsq/GSWEh5HCHC0f+RE1VGDkPRgeERgpGmcEIkGyrAaaQgGRytoqfVkmLUmuG1CvLPk45ixM8/6s1bbWSa/dsi5b7YerRue2aLICTsEZaAILXIMOuAddYAME5uAFvII37V371L607+XqhlbcnIAStJ9fD4Wqaw==</latexit>

µ̂
<latexit sha1_base64="+VZRo5IUOTj7SsJ4M58VZJ0r/14=">AAACK3icbVDLSsNAFJ34rLVqq0s3g0VwVZIq6LLoxmUF+5AmlMlk0g6dR5iZCCH0K9zqJ/g1rhS3/odJm4VpPTBwOOde7pnjR4xqY9uf1sbm1vbObmWvul87ODyqN477WsYKkx6WTKqhjzRhVJCeoYaRYaQI4j4jA392l/uDZ6I0leLRJBHxOJoIGlKMTCY9uVNkoMvj6rjetFv2AnCdOAVpggLdccOquYHEMSfCYIa0Hjl2ZLwUKUMxI/OqG2sSITxDEzLKqECcaC9dJJ7D80wJYChV9oSBC/XvRoq41gn3s0mOzFSvern4nzeKTXjjpVREsSECLw+FMYNGwvz7MKCKYMOSjCCsaJYV4ilSCJuspNKVZdKS5PuSBWUpJIng0Tzvz1lta5302y3nstV+uGp2bosmK+AUnIEL4IBr0AH3oAt6AAMOXsAreLPerQ/ry/pejm5Yxc4JKMH6+QXRZadS</latexit>

⌫̂
<latexit sha1_base64="76KXnAxY6M1ov8VWhrzubv1V97M=">AAACK3icbVDLSsNAFJ34rLVqq0s3g0VwVZIq6LLoxmUF+5AmlMlk0g6dR5iZCCH0K9zqJ/g1rhS3/odJm4VpPTBwOOde7pnjR4xqY9uf1sbm1vbObmWvul87ODyqN477WsYKkx6WTKqhjzRhVJCeoYaRYaQI4j4jA392l/uDZ6I0leLRJBHxOJoIGlKMTCY9uVNkoCvi6rjetFv2AnCdOAVpggLdccOquYHEMSfCYIa0Hjl2ZLwUKUMxI/OqG2sSITxDEzLKqECcaC9dJJ7D80wJYChV9oSBC/XvRoq41gn3s0mOzFSvern4nzeKTXjjpVREsSECLw+FMYNGwvz7MKCKYMOSjCCsaJYV4ilSCJuspNKVZdKS5PuSBWUpJIng0Tzvz1lta5302y3nstV+uGp2bosmK+AUnIEL4IBr0AH3oAt6AAMOXsAreLPerQ/ry/pejm5Yxc4JKMH6+QXTJqdT</latexit>



CONSTRUCTING GAUGE INVARIANT 
OBJECTS USING LINK VARIABLES

• How do these link variables transform under  SU(3) rotations?

• The simplest gauge invariant quantity that one can construct is the “plaquette”

Uµ(x) ! ⌦(x)Uµ(x)⌦
†(x+ aû)

<latexit sha1_base64="ggDXB9bKjlyr2e4xBv54RvLHqKk="></latexit>

⌫̂
<latexit sha1_base64="76KXnAxY6M1ov8VWhrzubv1V97M=">AAACK3icbVDLSsNAFJ34rLVqq0s3g0VwVZIq6LLoxmUF+5AmlMlk0g6dR5iZCCH0K9zqJ/g1rhS3/odJm4VpPTBwOOde7pnjR4xqY9uf1sbm1vbObmWvul87ODyqN477WsYKkx6WTKqhjzRhVJCeoYaRYaQI4j4jA392l/uDZ6I0leLRJBHxOJoIGlKMTCY9uVNkoCvi6rjetFv2AnCdOAVpggLdccOquYHEMSfCYIa0Hjl2ZLwUKUMxI/OqG2sSITxDEzLKqECcaC9dJJ7D80wJYChV9oSBC/XvRoq41gn3s0mOzFSvern4nzeKTXjjpVREsSECLw+FMYNGwvz7MKCKYMOSjCCsaJYV4ilSCJuspNKVZdKS5PuSBWUpJIng0Tzvz1lta5302y3nstV+uGp2bosmK+AUnIEL4IBr0AH3oAt6AAMOXsAreLPerQ/ry/pejm5Yxc4JKMH6+QXTJqdT</latexit>

µ̂
<latexit sha1_base64="+VZRo5IUOTj7SsJ4M58VZJ0r/14=">AAACK3icbVDLSsNAFJ34rLVqq0s3g0VwVZIq6LLoxmUF+5AmlMlk0g6dR5iZCCH0K9zqJ/g1rhS3/odJm4VpPTBwOOde7pnjR4xqY9uf1sbm1vbObmWvul87ODyqN477WsYKkx6WTKqhjzRhVJCeoYaRYaQI4j4jA392l/uDZ6I0leLRJBHxOJoIGlKMTCY9uVNkoMvj6rjetFv2AnCdOAVpggLdccOquYHEMSfCYIa0Hjl2ZLwUKUMxI/OqG2sSITxDEzLKqECcaC9dJJ7D80wJYChV9oSBC/XvRoq41gn3s0mOzFSvern4nzeKTXjjpVREsSECLw+FMYNGwvz7MKCKYMOSjCCsaJYV4ilSCJuspNKVZdKS5PuSBWUpJIng0Tzvz1lta5302y3nstV+uGp2bosmK+AUnIEL4IBr0AH3oAt6AAMOXsAreLPerQ/ry/pejm5Yxc4JKMH6+QXRZadS</latexit>

Uµ(x)
<latexit sha1_base64="lwuwTgNxK7MDaeSnb8MaDZk5wGg=">AAACK3icbVDNTsJAGNziHyIq6NFLIzHBC2nRRI9ELx4xsYCBhmy3W9iwu212t8am4Sm86iP4NJ40Xn0Pt9CDBSfZZDLzfflmx4sokcqyPo3SxubW9k55t7JX3T84rNWPejKMBcIOCmkoBh6UmBKOHUUUxYNIYMg8ivve7Dbz+09YSBLyB5VE2GVwwklAEFRaenTGIxY3n88r41rDalkLmOvEzkkD5OiO60Z15IcoZpgrRKGUQ9uKlJtCoQiieF4ZxRJHEM3gBA815ZBh6aaLxHPzTCu+GYRCP67Mhfp3I4VMyoR5epJBNZWrXib+5w1jFVy7KeFRrDBHy0NBTE0Vmtn3TZ8IjBRNNIFIEJ3VRFMoIFK6pMKVZdKC5Hkh9YtSgBPOonnWn73a1jrptVv2Rat9f9no3ORNlsEJOAVNYIMr0AF3oAscgAADL+AVvBnvxofxZXwvR0tGvnMMCjB+fgFoa6cW</latexit>

U⌫(x+ aµ̂)
<latexit sha1_base64="yqvynuQi21s9HPW2Bp2h6qDKFX8=">AAACOnicbZDLSgMxFIYz9VZr1VbBjZtgESpCmamCLotuXFawF+gMJZNm2tAkMyQZsYzzMm71EXwRt+7ErQ9gelk4rT8Efr5zDufk9yNGlbbtDyu3tr6xuZXfLuwUd/f2S+WDtgpjiUkLhyyUXR8pwqggLU01I91IEsR9Rjr++HZa7zwSqWgoHvQkIh5HQ0EDipE2qF86avUTV8Rp9ekcQXeEdOLyOD3rlyp2zZ4JrhpnYSpgoWa/bBXdQYhjToTGDCnVc+xIewmSmmJG0oIbKxIhPEZD0jNWIE6Ul8w+kMJTQwYwCKV5QsMZ/TuRIK7UhPumkyM9Usu1Kfyv1ot1cO0lVESxJgLPFwUxgzqE0zTggEqCNZsYg7Ck5laIR0girE1mmS3zSzPI90M2yKKATASP0oLJz1lOa9W06zXnola/v6w0bhZJ5sExOAFV4IAr0AB3oAlaAINn8AJewZv1bn1aX9b3vDVnLWYOQUbWzy+J/q0z</latexit>

Pµ⌫(x) =
1

3
ReTr

⇥
Uµ(x)U⌫(x+ aµ̂)U †

µ(x+ aû+ a⌫̂)U †
⌫ (x)

⇤
<latexit sha1_base64="pnQYC9hcEDGMNNPXg99TbmJWEWo="></latexit>

U †
µ(x+ aû+ a⌫̂)

<latexit sha1_base64="cjDyrBokpxvEt497pyzvpL8U/qw="></latexit>

U †
⌫ (x)

<latexit sha1_base64="xeUziHJ3Tvspj+UmCMCZkI5fPJg=">AAACNXicbVDNSsNAGNz4W2vVVo9egkWol5JUQY9FLx4rmLbQxLDZbNqlm03Y3agh5FG86iP4LB68iVdfwW2bg2kd+GCY+T6+YbyYEiEN40NbW9/Y3Nqu7FR3a3v7B/XGYV9ECUfYQhGN+NCDAlPCsCWJpHgYcwxDj+KBN72Z+YNHzAWJ2L1MY+yEcMxIQBCUSnLrDcvNbJbkD5ntw3Heej5z602jbcyhrxKzIE1QoOc2tJrtRygJMZOIQiFGphFLJ4NcEkRxXrUTgWOIpnCMR4oyGGLhZPPsuX6qFF8PIq6GSX2u/r3IYChEGnpqM4RyIpa9mfifN0pkcOVkhMWJxAwtHgUJ1WWkz4rQfcIxkjRVBCJOVFYdTSCHSKq6Sl8WSUuS50XUL0sBTlkY51XVn7nc1irpd9rmebtzd9HsXhdNVsAxOAEtYIJL0AW3oAcsgMATeAGv4E171z61L+17sbqmFTdHoATt5xfeyatk</latexit>

Uµ(x) = e�igaAµ(x)
<latexit sha1_base64="S6/LV0oQXd/W/0gxBmj40VBG52Y="></latexit>



AND FINALLY, THE ACTION. . .
• It turns out that the original action can be expressed in terms of the plaquettes

• Since the plaquettes are gauge invariant, our discretized action is gauge invariant!
• It turns out that correction terms are gauge invariant also!

“Wilson 
action”

Sym =

Z
d
4
x

1

4
Tr [Fµ⌫(x)Fµ⌫(x)]

=
6

g2

X

x,µ>⌫

(1� Pµ⌫(x)) +O
�
a
2
�

<latexit sha1_base64="P8smKc6fsDuReEnRzQ3KyIu3iFw="></latexit>

Problem 1.5:  prove this!



SO HOW DO WE GENERATE A 
CONFIGURATION OF THESE GAUGE FIELDS?

Procedure to generate {U}n+1 
from {U}n  :

Loop through all links j

At link j, change U(x) to U(x) M, 
where M is a random SU(3) matrix 

Replace U(x)àU(x) M and compute 
the change in action ΔS

If ΔS < 0, accept the new value of 
U(x)and continue to link j+1 

If ΔS > 0, sample a number ρ uniformly distributed from 0 to 1. If exp(-ΔS) >ρ accept the new 
value of U(x), otherwise reject change. Continue to link j+1 

def updateGaugeFields( U, beta, mu, nT, nX ):
 global num_of_updates, num_of_accepts
  
 for t in xrange( nT ):  # loop through all gauge links

for x in xrange( nX ):
    for y in xrange( nX ):

for z in xrange( nX ):
    for u in xrange( 4 ):

    
      Gamma_u = actions.calc_Gamma_u( [t,x,y,z], U , u , nT, nX )

      for j in xrange( 10 ): # at each site update 10 times
 num_of_updates += 1

    old_U = U[t][x][y][z][u]
 U[t][x][y][z][u] = dot( generateSU3_matrix(mu), U[t][x][y][z][u] )

           dS = actions.deltaS_Wilson( U[t][x][y][z][u], old_U , beta, Gamma_u )

    if dS > 0 and exp(-dS) < uniform(0,1):
U[t][x][y][z][u]  = old_U            # don't accept change

    else:
num_of_accepts += 1     # tally acceptance
actions.actionS += dS    # update action



EXAMPLE OF THERMALIZING 
GAUGE FIELD CONFIGURATIONS
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CONFINEMENT WITHIN 
YANG-MILLS THEORY

• One of the great hallmarks of QCD is that it exhibits confinement: there is never a 
lonely quark in the universe

• Our theory of QCD w/o fermions already shows this feature! 

Indicative of a linear 
potential at large 

separations



HEAVY (INFINITE) QUARK 
POTENTIALS

• We can insert an infinitely massive quark and anti-quark within our soup of gauge 
fields and compute the potential between them as a function of separation distance

• Because the quarks are infinitely massive, they do not propagate spatially, i.e. they 
stay put

G(x, t) ⇡ U †(x, t� a)U †(x, t� 2a) · · ·U †(x, a)U †(x, 0)
<latexit sha1_base64="BkObPL2g9nJeFBl+TjOR1XDBVP0="></latexit>

t
<latexit sha1_base64="eRdufy1ChyzxSR7IEfBnh74lAXw=">AAACI3icbVDLSsNAFJ3xWWvVVpdugkVwVZIq6LLoxmUL9gFtKJPJTTt0MgkzEyGEfoFb/QS/xp24ceG/OG2zMK0HBg7n3Ms9c7yYM6Vt+xtvbe/s7u2XDsqHlaPjk2rttKeiRFLo0ohHcuARBZwJ6GqmOQxiCST0OPS92cPC7z+DVCwSTzqNwQ3JRLCAUaKN1NHjat1u2EtYm8TJSR3laI9ruDLyI5qEIDTlRKmhY8fazYjUjHKYl0eJgpjQGZnA0FBBQlButkw6ty6N4ltBJM0T2lqqfzcyEiqVhp6ZDImeqnVvIf7nDRMd3LkZE3GiQdDVoSDhlo6sxbctn0mgmqeGECqZyWrRKZGEalNO4coqaUHyvIj7RSmAVITxvGz6c9bb2iS9ZsO5bjQ7N/XWfd5kCZ2jC3SFHHSLWugRtVEXUQToBb2iN/yOP/An/lqNbuF85wwVgH9+ASaSpHU=</latexit>



• The time-propagation from 0 to T of an infinitely massive quark/anti-quark pair separated by distance 
R can be ascertained by looking at expectation values of the Wilson loop of dimension R x T 

• The expectation value of the Wilson loop at large times behaves as

t

r

W (R = 2a, T ) =
<latexit sha1_base64="OMvfWtNTbHk1b3ovRQCU0E4THVg=">AAACLnicbVDLSgMxFM34rLVqq0s3wSJUkDJTBd0Uim5cVukL2qFk0kwbmsmEJCMMQ3/DrX6CXyO4ELd+hmk7C6f1wIXDOfdyD8cTjCpt25/WxubW9s5ubi+/Xzg4PCqWjjsqjCQmbRyyUPY8pAijnLQ11Yz0hCQo8BjpetP7ud99JlLRkLd0LIgboDGnPsVIG2nQrTzVaxBdwtZFfVgs21V7AbhOnJSUQYrmsGQVBqMQRwHhGjOkVN+xhXYTJDXFjMzyg0gRgfAUjUnfUI4CotxkEXoGz40ygn4ozXANF+rfiwQFSsWBZzYDpCdq1ZuL/3n9SPu3bkK5iDThePnIjxjUIZw3AEdUEqxZbAjCkpqsEE+QRFibnjJflkkzkueFbJSVfBLzQMzypj9nta110qlVnatq7fG63LhLm8yBU3AGKsABN6ABHkATtAEGAryAV/BmvVsf1pf1vVzdsNKbE5CB9fML3oinNg==</latexit>

hRe trW (R, T )i T�1���! Ce�aV (R)T
<latexit sha1_base64="lZHkD4+FjakOYvlM/aZzzyplLK8="></latexit>



MY RESULTS FOR THE 
POTENTIAL
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Problem #2 (easy):

Download the python routines that generate gauge ensembles and calculate QQb-potential.  
Play with the codes to try to make sense of the concepts presented in this lecture.

Some things to note:
If you run generateGaugeFields.py, the default option is to start from a “hot” (i.e. 

random) configuration.  The configurations will be stored in the folder cnfgs.  

The routine calcQQpot.py needs thermalized configurations to perform measurements.

In the python routines, each configuration is stored as a list of 3x3 arrays: U[x][y][z][t][mu], 
where mu goes from 0 to 3.



FOR THE MASOCHIST IN YOU. . .
•The calcQQpot.py routine I’ve given you only 
calculates separation distances along axis lines, e.g.

•Try modifying the routine to make measurements 
along diagonals (be careful of boundary conditions!)

x

y



LET’S ADD FERMIONS!!!

• Hold your horses. . .

• Two rules in physics:

• Don’t drink and derive

• Be careful when mixing fermions with computers



Fermions and Computers–why can’t they get along?

Fermions obey anti-commutation relations:

{a�, a
†
µ} = ��,µ .

Bosons, on the other hand, commute:

[a�, a
†
µ] = ��,µ .

Fortunately, regular c-numbers also commute!
So we can represent bosonic fields with c-numbers.

But we can calculate slater determinants, or explicitly anti-symmetrize fermionic wavefuntions,
etc . . . But this hits the “Curse of Dimensionality”

Calculations in a thermal bath: Grand-Canonical ensemble: Particle number not conserved (in
principle infinite)

July 19, 2019 Thomas Luu, IAS-4 Page 2



Let’s first talk about bosonic states
Bosonic case:

[a�, a
†
µ] = ��,µ, [a�, aµ] = [a†

�, a
†
µ] = 0 .

a†
j |0i = |ji (j is combined index for all degrees of freedom)

aj |ji = |0i (|0i is the “vacuum state”)

(a†
j )

n|0i = |nji (n- particles each w/ j quantum number(s))

Application of a† or a moves you throughout the Fock space:

F = H0 �H1 �H2 � · · ·H⇤max

a† or a provide a basis for all operators in the Fock space
=) can define states that span entire Fock space!

July 19, 2019 Thomas Luu, IAS-4 Page 3



Bosonic coherent state

|�i ⌘ e
P

i �i a
†
i |0i 8 �i 2 C

=
X

n1,n2,...

(�1a†1 )
n1

n1!

(�2a†2 )
n2

n2!
· · · |0i

a1|�i =
X

n1,n2,...

a1(�1a†1 )
n1

n1!

(�2a†2 )
n2

n2!
· · · |0i

= �1
X

n01,n2,...

(�1a†1 )
n01

n01!

(�2a†2 )
n2

n2!
· · · |0i

= �1|�i (similarly for h�|a†k = h�|�⇤
k )

In general, ai |�i = �i |�i =) |�i is an eigenstate of ai w/ eigenvalue �i .

Note: [ai , aj ]|�i = 0 =) [�i ,�j ] = 0. No problem since �i,j 2 C!

July 19, 2019 Thomas Luu, IAS-4 Page 4



Other properties of the Bosonic coherent state

|�i clearly spans the enitire Fock space
Has closure relation

1 =

Z 1

�1

2

4
Y

j

d�⇤
j d�j

2⇡i

3

5 e
P

k �⇤
k �k |�ih�|

= 10 ⌦ 11 ⌦ 12 ⌦ · · · ⌦ 1⇤max (overcomplete)

Overlap of two coherent states:
h |�i = e

P
i  

⇤
i �i 6= 0

Matrix element of normal-ordered operator

h |a†
k aj |�i =  ⇤

k �jh |�i =  ⇤
k �j e

P
i  

⇤
i �i

h | : f (a†
k , aj) : |�i = f ( ⇤

k ,�j)e
P

i  
⇤
i �i

July 19, 2019 Thomas Luu, IAS-4 Page 5



Trace of an operator A

trA ⌘
X

n

hn|A|ni =
X

n

Z 1

�1

2

4
Y

j

d�⇤
j d�j

2⇡i

3

5 e
P

k �
⇤
k �k hn|�ih�|A|ni

=

Z 1

�1

2

4
Y

j

d�⇤
j d�j

2⇡i

3

5 e
P

k �
⇤
k �k

X

n

h�|A|nihn|�i

=

Z 1

�1

2

4
Y

j

d�⇤
j d�j

2⇡i

3

5 e
P

k �
⇤
k �k h�|A|�i

July 19, 2019 Thomas Luu, IAS-4 Page 6



Some comments on bosonic coherent states

Our case is called the “Canonical Coherent State”–other types of coherent
states are relevant for signal processing, image processing, etc. . .
“Classical Electric Field”–coherent state of photons in the classical limit
“Gaussian wave packets” hx |�i minimize the uncertainty principle (see Schiff,
QM, 1955)

July 19, 2019 Thomas Luu, IAS-4 Page 7



Can we do the same for fermionic states?

We want |⇠i s.t. ai |⇠i = ⇠i |⇠i, where ⇠i is an eigenvalue of operator ai . If we have this, then we
also have

{ai , aj}|⇠i = 0 =) {⇠i , ⇠j} = 0.

So ⇠i CANNOT be a c-number!

July 19, 2019 Thomas Luu, IAS-4 Page 8



Enter Grassmann numbers

Grassmann numbers
Define set of Grassmann numbers

⌘1, ⌘2, . . . , ⌘n, ⌘
⇤
1 , ⌘

⇤
2 , . . . , ⌘

⇤
n

such that {⌘i , ⌘j} = {⌘⇤i , ⌘⇤j } = {⌘⇤i , ⌘j} = 0 =) ⌘2
i = 0 (nilpotent).

Grassmann functions
Define set of Grassmann numbers

f (⌘i) = f0 + f1⌘i

g(⌘i) = g0 + g1⌘i

�
=) f (⌘i) + g(⌘i) = (f0 + g0) + (f1 + g1)⌘i

We have a Grassmann Algebra!

Also! {⌘i , a} = {⌘j , a†} = 0

July 19, 2019 Thomas Luu, IAS-4 Page 9



Integration and Differentiation, Grassmann style!

Rules for integrating and differentiating

@

@⌘i
⌘j = �ij

Z
d⌘i ⌘j = �ij
Z

d⌘i = 0

Note: no limits on the integration! Purely formal manipulations.

Weird, huh?

July 19, 2019 Thomas Luu, IAS-4 Page 10



Fermionic coherent state

|⇠i ⌘ e�
P

i ⇠i a
†
i |0i 8 ⇠i Grassmann

=
Y

i
(1 � ⇠i a

†
i )|0i

a1|⇠i = a1(1 � ⇠1a†1 )
Y

i=2
(1 � ⇠i a

†
i )|0i

= ⇠1a1a†1
Y

i=2
(1 � ⇠i a

†
i )|0i

= ⇠1(1 � a†1 a1)
Y

i=2
(1 � ⇠i a

†
i )|0i

= ⇠1
Y

i=2
(1 � ⇠i a

†
i )|0i

= ⇠1(1 � ⇠1a†1 )
Y

i=2
(1 � ⇠i a

†
i )|0i

= ⇠1
Y

i
(1 � ⇠i a

†
i )|0i

= ⇠1|⇠i .

July 19, 2019 Thomas Luu, IAS-4 Page 11



Properties of fermionic coherent states
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Trace of operator A
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Is there a physical interpretation of fermionic coherent states?
None that I know of.
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