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Gaussian integration

Assume we have matrix A that is real and symmetric and invertible:
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One can show that this is equal to
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det A

For a complex (charged) scalar field and A Hermitian, have
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Now consider integration with Grassmann numbers on matrix M, where
M has no constraints,
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Path-Integral formalism w/ fermions

We are interested in calculating

hOi = 1
Z Tr

⇣
O e��H

⌘
,

where Z = Tre��H .

We can express Z with fermionic coherent state | 0i :
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PI continued. . .
We now split the exponential up into Nt timesteps of width � = �/Nt ,

e��H ⌘ e��He��H · · · e��H .

We insert the complete set of fermionic coherent states,
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between each factor of the exponential, giving for the partition function Z,
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Note: To account for the (red) minus sign in the partition function on the previous page, must have
 Nt = � 0 =) anti-periodic boundary conditions in time!
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The form of H

To go any further, must assume some form for H:

= H0 + V2 =
X
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where ni ⌘ a†
i ai (number density operator). Here k is a “connectivity” matrix (think kinetic

operator), and v represents 2-body matrix elements. Both are represented by c-numbers.
Now consider the matrix element

h t+1|e��(H0+V2)| ti

What’s the problem? H0 will be quadratic in Grassmann fields – Great!
V2 will be quartic in Grassman fields – Oh oh!
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The Hubbard-Stratonovich Transformation

At its foundation, the HS transformation relies on the following relations,
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Assumed U � 0 and the ± signs are equivalent. The real variable � (that is integrated over) is an
auxiliary field that allows us to ‘linearize-in-n’ the arguments of the exponential.
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Applying HS trans. to our problem
Define ̃ ⌘ � and ṽ ⌘ �v , and we assume that eigenvalues of ṽ are real and > 0 (why??). If this
holds, then
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1
2
Y

k

d�kp
2⇡

#
e� 1

2
P

ij �i [ṽ
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Now we can evaluate the coherent state matrix elements:
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The Partition function with auxiliary fields
Combining everything gives

Z = lim
Nt!1
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Note the temporal index to the HS field for bookkeepping purposes (�i ! �i,t ).
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Finally integrating out the fermions!

Now I express the argument of the exponential in matrix form,
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where the fermion matrix M[�] is a functional of the field � with c-number matrix elements:

M[�]it0,jt = �ij�t0 t � (1 ± i�j,t)�ij�t0,t+1 � ̃ij�t0,t+1

⇡ �ij�t0 t � e±i�j,t �ij�t0,t+1 � ̃ij�t0,t+1 .

We have a matrix and we have quadratic Grassmann terms. We must integrate!
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Observables Ô with the PI

One can also show, using the same steps as above, that

hÔi = lim
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where in principle, the operator O can also be functional of �.
Note:

Every term in M is a c-number

Auxiliary field � is a c-number, not dynamical in this case!

Dynamics of fermions encoded in M[�]
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Example for Ô: the fermion correlator

We are interested in calculating
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But the RHS has Grassmann variables! So how do we calculate this term?
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The generating functional
We introduce the generating functional (repeated indices summed):

Z0[⌘
†, ⌘ ] =

Z
D
h
 †, 

i
e� †

k Mkl [�] l+⌘
†
k  k+ 

†
k ⌘k

The original partition function is

Z = lim
Nt!1

Z 1

�1
D [�] e� 1

2
P

ij,t �i,t [ṽ
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We can formally integrate the generating functional
After completing the square in the argument and performing Grassmann gaussian integration
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Therefore our fermion correlator is
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A theory with fermions: the Hubbard Model
The Hubbard Hamiltonian :

H ⌘ Htb + HU

⌘ �
X

hx,yi,s

a†
x,say,s�

U
2

X

x

(nx," � nx,#)
2 ,

 is the nearest-neighbor hopping amplitude for electrons on the lattice

U is the onsite interaction (U � 0)

hx , yi denotes summation over nearest neighbors,

s assumes the values " (“spin up”) or # (“spin down”).

nx,s ⌘ a†
x,sax,s is the number operator for spin s at position x

This particular form of the Hubbard Hamiltonian corresponds to a system at “half-filling”, where
the average number of electrons per site is 1.
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Case study: 1-site Hubbard model

We can solve this problem exactly

No hopping (nowhere to hop to!) =)  = 0

Fock space:
|0i � | "i � | #i � | "#i

Partition function:
Z = 2(1 + e�U/2) .

Correlator:
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Our task: Use PI to calculate C(⌧)

We must work with coherent states for each spin d.o.f.: | i ! | " #i
Utilize HS transformation to remove quartic terms in creation/annihilation operators
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Ũ
2 (nx"�nx#)

2
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2Ũ
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where Ũ = �U.
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Partition function Z

Z = lim
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Integrate out fermionic fields:
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Finally the correlator C(⌧)

C""(⌧) =
1
Z

Z 1

�1

"Nt�1Y

t=0

d�tp
2⇡Ũ
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Monte Carlo Integration

Define ~� = (�0 , �1 , . . . , �Nt�1)

Sample each component from a Gaussian distribution N
0,
p

Ũ

Do this N times, each time performing the following calculations,

Z ⇡ 1
N

NX

~�2N
0,
p

Ũ

det (M[�]M[��])

C""(⌧) ⇡ 1
N

1
Z

NX

~�2N
0,
p

Ũ

M�1
⌧,0 [�] det (M[�]M[��]) .

Let’s do this!

July 19, 2019 Thomas Luu, IAS-4 Page 31



Necessary ingredients to numerically do this problem
Choose U, �, and Nt . This gives you � = �/Nt and Ũ = U�.

Construct M[�]t0,t = �t0 t � e��t �t0,t+1

Sampling normal distribution with python3: numpy.random.normal(µ = 0,
p

Ũ)

Calculating determinant of M[�]M[��] with python3: numpy.linalg.det(M)

Inverting matrix with python3: numpy.linalg.inv(M)
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Figure: C""(⌧) (red) and C##(⌧) (blue) calculated from Monte Carlo integration for the one-site
Hubbard Model. The parameters used for this calculation were U/ = 2, � = 2, and Nt = 48.
The number of Monte Carlo samples N = 50000. Shown errors are the bootstrap standard errors.
The black line is the analytic result.
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Examples of correlators from real LQCD calculations
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LQCD results
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LET’S “TALK THE TALK”
Anatomy of a LQCD calculation

“(2+1+1) Wilson-Clover action + Domain-wall valence fermions”{ <latexit sha1_base64="RqrXs8uNo7MVdmV/k6Bx5l9wc2Y=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFCG/oEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZkkn6MwqIYqksk8YNFP/bmQ41nocB3Yyxmaol72p+J/XTU107WdMJKmhgswPRSlHRqLpt1HIFCWGjy3BRDGbFZEhVpgYW87ClXnSBSkIJA8nJVuVt1zMKmnVqt5FtXZ/Wanf5KUV4QRO4Rw8uII63EEDmkAggmd4hTfnxXl3PpzP+WjByXeOYQHO1y/4tZ1d</latexit>

# of quarks 
“2” : up/down deg. 
1 strange quark 
1 charm quark

Gauge generation{
<latexit sha1_base64="RqrXs8uNo7MVdmV/k6Bx5l9wc2Y=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFCG/oEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZkkn6MwqIYqksk8YNFP/bmQ41nocB3Yyxmaol72p+J/XTU107WdMJKmhgswPRSlHRqLpt1HIFCWGjy3BRDGbFZEhVpgYW87ClXnSBSkIJA8nJVuVt1zMKmnVqt5FtXZ/Wanf5KUV4QRO4Rw8uII63EEDmkAggmd4hTfnxXl3PpzP+WjByXeOYQHO1y/4tZ1d</latexit>

{
<latexit sha1_base64="RqrXs8uNo7MVdmV/k6Bx5l9wc2Y=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFCG/oEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZkkn6MwqIYqksk8YNFP/bmQ41nocB3Yyxmaol72p+J/XTU107WdMJKmhgswPRSlHRqLpt1HIFCWGjy3BRDGbFZEhVpgYW87ClXnSBSkIJA8nJVuVt1zMKmnVqt5FtXZ/Wanf5KUV4QRO4Rw8uII63EEDmkAggmd4hTfnxXl3PpzP+WjByXeOYQHO1y/4tZ1d</latexit>

Measurements

Type of Fermion/Gauge discretisation 
Staggered-Iwasaki 
Twisted-mass 
Domain-wall 
etc. . .

{ <latexit sha1_base64="RqrXs8uNo7MVdmV/k6Bx5l9wc2Y=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFCG/oEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZkkn6MwqIYqksk8YNFP/bmQ41nocB3Yyxmaol72p+J/XTU107WdMJKmhgswPRSlHRqLpt1HIFCWGjy3BRDGbFZEhVpgYW87ClXnSBSkIJA8nJVuVt1zMKmnVqt5FtXZ/Wanf5KUV4QRO4Rw8uII63EEDmkAggmd4hTfnxXl3PpzP+WjByXeOYQHO1y/4tZ1d</latexit> { <latexit sha1_base64="RqrXs8uNo7MVdmV/k6Bx5l9wc2Y=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFCG/oEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZkkn6MwqIYqksk8YNFP/bmQ41nocB3Yyxmaol72p+J/XTU107WdMJKmhgswPRSlHRqLpt1HIFCWGjy3BRDGbFZEhVpgYW87ClXnSBSkIJA8nJVuVt1zMKmnVqt5FtXZ/Wanf5KUV4QRO4Rw8uII63EEDmkAggmd4hTfnxXl3PpzP+WjByXeOYQHO1y/4tZ1d</latexit>

Type of Fermion discretisation 
Twisted-mass 
Wilson 
Staggered 
etc. . .

{
<latexit sha1_base64="RqrXs8uNo7MVdmV/k6Bx5l9wc2Y=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFCG/oEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZkkn6MwqIYqksk8YNFP/bmQ41nocB3Yyxmaol72p+J/XTU107WdMJKmhgswPRSlHRqLpt1HIFCWGjy3BRDGbFZEhVpgYW87ClXnSBSkIJA8nJVuVt1zMKmnVqt5FtXZ/Wanf5KUV4QRO4Rw8uII63EEDmkAggmd4hTfnxXl3PpzP+WjByXeOYQHO1y/4tZ1d</latexit>

Mixed action calculation



SO WHERE DOES LQCD GO FROM HERE?

• Probing the interactions between nucleons and hyperons 
• Poorly constrained empirically 
• Relevant to matter at extreme conditions 

• Compact astrophysical objects (think neutron stars!) 

• Tackling QCD exotica 
• Everything Prof. Guo has been talking about! 
• see Prof. Zou’s talk 

• Constraining BSM physics 
• Need to pin down hadronic component  
• Nuclear matrix element 
• e.g. nEDM, muon g-2 etc. . . 

• see Dr. Gupta’s talk. . . :( 
• see talks by Agadjanov, Petschlies 

• Tackling the “sign problem” 
• See my talk on Friday! :)
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Calculations at physical point opens new opportunities. . .

“3-point function”



LATTICE QCD CAN ONLY CALCULATE “OBSERVABLES”

• Energy levels (e.g. masses, binding energies) 

• ERE parameters (e.g. scattering lengths, effective ranges !  phase shifts) 

• If an experiment can measure it, then (in principle) LQCD can calculate it 

• Question:  Is a potential an observable?

∈
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A word of warning. . .



SOME REFERENCES, IN CASE I DIDN’T SCARE YOU 
AWAY. . .
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Lattice Gauge Theories, An Introduction—H. Rothe 

Lattice QCD for Novices—P. Lepage hep- lat-0506036v1 Quarks, 

Gluons, and Lattices—M. Cruetz 

Introduction to Quantum Field Theories—J. Smit 

Introduction to Lattice QCD—R. Gupta hep-lat/ 9807028  

QCD on the Lattice—C. Gattringer and C. Lang


