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IF ONLY THERE WASN’T ANY SIGN PROBLEM. . .

• Path-integral formalism 

       Note:   If S[𝜙] = SR[𝜙] + i SI[𝜙]  then 

       Question:  How do we interpret such “Probabilities”?

!3
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WHEN DOES THE SIGN PROBLEM SHOW UP?
• Life in Minkowski space 

• Finite density field theory 

• What are the phases of quark matter at high 
density? 

• Baryon chemical potential 

• Complex term in Lagrangian (even after Wick 
rotation) 
• QCD theta term 

• Stochastic calculations of neutron rich nuclei
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Sign problem shows up in the most interesting problems in nuclear physics!!

LQCD

Ab initio 
structure 

Shell model

Density 
functional 

theory

e.g. NLEFT



BUT THE SIGN PROBLEM IS NOT UNIQUE TO NUCLEAR 
PHYSICS. . .

• High density strongly correlated electrons  

• Doped systems 
• Electron chemical potential
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Condensed matter/solid state communities also share our pain. . .



THE TYPE OF THE LATTICE ALSO CAN INFLUENCE THE 
SIGN PROBLEM
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THE (NEXT TO) SIMPLEST NON-BIPARTITE LATTICE: THE 
TRIANGLE

• Can be solved exactly via direct 
diagonalization 
• Can immediately test new methods 

• Severity of sign problem controlled by 
strength of interaction and temperature of 
system 

• No need to introduce chemical potential
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Three-site problem
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Three-site problem

Numerical examples shown in this talk will be done on this system



THE SIGN PROBLEM IS NOT NEW, AND HAS BEEN 
TACKLED BEFORE. . .
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• Imaginary couplings 𝜇 → i𝜇 

• Function for analytically continuing back to real 
couplings?
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• Imaginary couplings 𝜇 → i𝜇 

• Function for analytically continuing back to real 
couplings?

• Complex Langevin methods 

• Stochastic quantisation, does not use MC sampling 

• When it’s wrong, it’s really wrong

Holomorphic flow (Lefschetz Thimbles) 
The subject of this talk. . .
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HUBBARD MODEL ON A NON-BIPARTITE LATTICE
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RE-WEIGHTING IS THE STANDARD “GO-TO” METHOD

!10

No longer positive definite!  = “sign problem”
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RE-WEIGHTING WORKS GREAT WHEN IT WORKS, BUT. . .

!11

Three-site problem
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Phase fluctuations scale with the system size (extensive 
quantity).  The larger the system, the worse the fluctuations ⟹ 
re-weighting will inevitably fail for large enough system sizes



ALLEVIATING THE SIGN-PROBLEM VIA HOLOMORPHIC 
FLOW
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Critical point:

• Recall the stationary phase approximation:Z
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• Idea: push the manifold of integration into the complex 
plain such that it goes through critical points 

• Cauchy’s theorem tells us our integral will remain the 
same as long as we don’t cross any singularities 

• Preserve homology class of kernel 

How does this help the sign problem? 
• ∃ particular manifolds in the complex plane that intersect   

and have SI[𝜙] is constant! 
• Lefschetz thimbles 
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http://arxiv.org/abs/1412.2802
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BUT WE CAN APPROXIMATE THIMBLES BY FLOWING FROM REAL PLANE
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• Flow equations respect the homology class 

• Starting from any point on the real plane, the 
flow will approach some point on the thimble 
manifolds   

• In the limit of infinite flow time, one 
recovers the exact thimbles (care must be taken 
in presence zeros) 

• For finite flow time, one has an approximation 
to the thimbles 

• Sign problem has been alleviated 
• Re-weighting should work! 

“Generalized Thimble” approach 

�̇ = (r�S[�])
⇤
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!15

1

ZT

Z

T
D[']O['] exp {�S[']} =

1

ZT

Z

R
D[�]O['(�)] exp {�S['(�)]} det J ['(�)]

=
1

ZT

Z

R
D[�]O['(�)] exp {�Seff ['(�)]}

<latexit sha1_base64="yJlQ7qz26QfsVZqJIQbQiyw9sGk="></latexit>

Integration on manifolds Integration on real plane} <latexit sha1_base64="Dw/DVQYauROBn2ecKeXmiUq6dJI=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFDK/IEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYw/wcowwmlW6qWaJpiM8IB2LRU4ptqfzJJm6MwqIYqksk8YNFP/bkxwrPU4DuxkjM1QL3tT8T+vm5ro2p8wkaSGCjI/FKUcGYmm30YhU5QYPrYEE8VsVkSGWGFibDkLV+ZJF6QgkDzMSrYqb7mYVdKqVb2Lau3+slK/yUsrwgmcwjl4cAV1uIMGNIFABM/wCm/Oi/PufDif89GCk+8cwwKcr1/8CZ1f</latexit>

} <latexit sha1_base64="Dw/DVQYauROBn2ecKeXmiUq6dJI=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy6r2Ae0Q8lkMm1oJhmSjFDK/IEbF/or7sStn+CfuDRtZ2FbDwQO59zLPTlBwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjdTv32E1WaSfFoxgn1YzwQLGIEGys99LJ+ueJW3RnQKvFyUoEcjX75pxdKksZUGMKx1l3PTYw/wcowwmlW6qWaJpiM8IB2LRU4ptqfzJJm6MwqIYqksk8YNFP/bkxwrPU4DuxkjM1QL3tT8T+vm5ro2p8wkaSGCjI/FKUcGYmm30YhU5QYPrYEE8VsVkSGWGFibDkLV+ZJF6QgkDzMSrYqb7mYVdKqVb2Lau3+slK/yUsrwgmcwjl4cAV1uIMGNIFABM/wCm/Oi/PufDif89GCk+8cwwKcr1/8CZ1f</latexit>

Seff ['(�)] ⌘ S['(�)]� log det J ['(�)]
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Jacobian is induced due to the change of variables from the manifold to the real plane 



HMC WITH HOLOMORPHIC FLOW
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• Perform HMC on the real plane to make proposal  (p,𝜙) →(p’,𝜙’) 

• Then flow up (close) to manifold 𝜑(𝜙’) 

• Accept/reject with  

• Reversible, satisfies detailed balance

Pa/r = min

 
1,

e�p02/2�ReSeff ['(�0)]

e�p2/2�ReSeff ['(�)]

!
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(p,𝜙)

(p’,𝜙’)

• (p,𝜑(𝜙))

• (p’,𝜑(𝜙’))

HMC directly on the thimble: 
Ulybyshev et al. [arXiv:1906.02726] 

http://arxiv.org/abs/1906.02726


FLOWING THE ACTION Three-site problem

�̇ = (r�S[�])
⇤

<latexit sha1_base64="OEs5mVUXEJaJOWkUUEjij+M3OmU="></latexit>

Flow from real plane



FLOWING THE ACTION Three-site problem

�̇ = (r�S[�])
⇤

<latexit sha1_base64="OEs5mVUXEJaJOWkUUEjij+M3OmU="></latexit>

Flow from real plane

HMC on “thimble”



FLOWING THE ACTION Three-site problem

�̇ = (r�S[�])
⇤

<latexit sha1_base64="OEs5mVUXEJaJOWkUUEjij+M3OmU="></latexit>

Flow from real plane

HMC on “thimble”

he�iSI [�]i = .800(6) + .006(2)i
<latexit sha1_base64="xDVgLesP7Z29EbrAC4t/9vw76vI="></latexit>

0.0001

0.001

0.01

0.1

1

0 1 2 3 4 5 6
C
(⌧
)

⌧

U = 3,� = 6, Nt = 16

exact
“thimble"

real

Measurements



FLOWING THE ACTION Three-site problem

�̇ = (r�S[�])
⇤

<latexit sha1_base64="OEs5mVUXEJaJOWkUUEjij+M3OmU="></latexit>

Flow from real plane

HMC on “thimble”

he�iSI [�]i = .800(6) + .006(2)i
<latexit sha1_base64="xDVgLesP7Z29EbrAC4t/9vw76vI="></latexit>

0.0001

0.001

0.01

0.1

1

0 1 2 3 4 5 6
C
(⌧
)

⌧

U = 3,� = 6, Nt = 16

exact
“thimble"

real

Measurements

he�iSI [�]i = .049(6) + .008(6)i
<latexit sha1_base64="KM6SAQjAkgorms21Ez0bb4SaAJ4="></latexit>



UNFORTUNATELY, THIS “SOLUTION” IS NOT VIABLE 
NUMERICALLY

!18

“No free lunch theorem”

• Calculation of Jacobian due to flow is extremely time 
consuming! 

• At every step of the flow integration, must 
compute a dense matrix!

�̇(t) = [r�S[�(t)]]

J̇(t) = [H[�(t)]J(t)]⇤
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= det J(t)



UNDER THE FLOW, MUST BE LEERY OF INFINITIES
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Wynen, TL, et al. [arXiv:1812.09268]  Phys.Rev. B100 (2019) 075141

http://arxiv.org/abs/1812.09268
spires-open-journal://
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<latexit sha1_base64="OEs5mVUXEJaJOWkUUEjij+M3OmU="></latexit>

no ergodicity issues, but sign problem no sign problem, but ergodicity issues

-15 -10 -5 0 5 10 15
0

5

10

15

Re(ϕ)

S R
(ϕ
)

-10 -5 0 5 10

0

2

4

6

8

ϕ

S R
(ϕ
)

Wynen, TL, et al. [arXiv:1812.09268]  Phys.Rev. B100 (2019) 075141

http://arxiv.org/abs/1812.09268
spires-open-journal://


UNDER THE FLOW, MUST BE LEERY OF INFINITIES

!19

lim
tf!1

<latexit sha1_base64="54+Iku1vFJiCaoqbTkiQ7StLMnI=">AAACInicbVDLSsNAFJ3UV62vapdugkVwVZIq6LLoxmUF+4AmhMlk0g6dzISZGyGEfosbF/or7sSV4Ie4dPpY2NYDFw7n3Ms9nDDlTIPjfFmljc2t7Z3ybmVv/+DwqHp80tUyU4R2iORS9UOsKWeCdoABp/1UUZyEnPbC8d3U7z1RpZkUj5Cn1E/wULCYEQxGCqo1j7MkKCCIPZAeEzHkk6BadxrODPY6cRekjhZoB9UfL5IkS6gAwrHWA9dJwS+wAkY4nVS8TNMUkzEe0oGhAidU+8Us/MQ+N0pkx1KZEWDP1L8XBU60zpPQbCYYRnrVm4r/eYMM4hu/YCLNgAoyfxRn3AZpT5uwI6YoAZ4bgoliJqtNRlhhAqavpS/zpEtSGEoeTSqmKne1mHXSbTbcy0bz4areul2UVkan6AxdIBddoxa6R23UQQTl6Bm9ojfrxXq3PqzP+WrJWtzU0BKs718HdqVU</latexit>

�̇ = (r�S[�])
⇤

<latexit sha1_base64="OEs5mVUXEJaJOWkUUEjij+M3OmU="></latexit>

no ergodicity issues, but sign problem no sign problem, but ergodicity issues
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Distributions become highly multi-modal (ergodicity issues)

Wynen, TL, et al. [arXiv:1812.09268]  Phys.Rev. B100 (2019) 075141

http://arxiv.org/abs/1812.09268
spires-open-journal://


MACHINE LEARNING TO THE RESCUE!

!20

Pushing all our ignorance into one black box called a neural network (NN)

Alexandru et al., [arXiv:1709.01971]  Phys.Rev. D96 (2017) 094505

http://arxiv.org/abs/1709.01971
spires-open-journal://


COMPOSITION OF A NEURONAL NODE

!21

xi
<latexit sha1_base64="b6Hu//zfYXzIko8XxtOg7km+N8I=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmVF+4B2KJlMpg3NJEOSEcvQT3DjQn/Fnbj1D/wTl6btLGzrgcDhnHu5JydIONPGdb+dldW19Y3NwlZxe2d3b790cNjUMlWENojkUrUDrClngjYMM5y2E0VxHHDaCoY3E7/1SJVmUjyYUUL9GPcFixjBxkr3Tz3WK5XdijsFWiZeTsqQo94r/XRDSdKYCkM41rrjuYnxM6wMI5yOi91U0wSTIe7TjqUCx1T72TTqGJ1aJUSRVPYJg6bq340Mx1qP4sBOxtgM9KI3Ef/zOqmJrvyMiSQ1VJDZoSjlyEg0+TcKmaLE8JElmChmsyIywAoTY9uZuzJLOicFgeThuGir8haLWSbNasU7r1TvLsq167y0AhzDCZyBB5dQg1uoQwMI9OEZXuHNeXHenQ/ncza64uQ7RzAH5+sXzX2d0A==</latexit> Wj

<latexit sha1_base64="bEkHVdsQIOglk27TANR2iTVIw4A=">AAACEXicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8lk0jY2kwxJRihDf8GNC/0Vd+LWL/BPXJppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxjfZn77iSrNpHgwk5j6ER4KNmAEm0xq9x9Rv1xxq+4MaJV4OalAjka//NMLJUkiKgzhWOuu58bGT7EyjHA6LfUSTWNMxnhIu5YKHFHtp7OsU3RmlRANpLJPGDRT/26kONJ6EgV2MsJmpJe9TPzP6yZmcO2nTMSJoYLMDw0SjoxE2cdRyBQlhk8swUQxmxWREVaYGFvPwpV50gUpCCQPpyVblbdczCpp1areRbV2f1mp3+SlFeEETuEcPLiCOtxBA5pAYATP8Apvzovz7nw4n/PRgpPvHMMCnK9f82md2g==</latexit>

“activation function” f

Wj = f

 
X

i

vjixi + bj

!

<latexit sha1_base64="oppN6CnYm12jsV80iI/NhyyO4FQ="></latexit>



TRAINING THE NETWORK

!22

Trying to get a computer to do what you want. . .

training data
• Minimization of loss function  
• Parameters tuned via stochastic gradient descent 
• “Supervised training”

Alexandrou et al., [arXiv:1903.03506] unsupervised learning of phase transitions

Single dense layer 
“softmax” activation

http://arxiv.org/abs/1903.03506


HMC WITH NEURAL NETWORKS

!23

• Perform HMC on the real plane to make proposal  (p,𝜙) →(p’,𝜙’) 

• 𝜙’ → NN →𝜑(𝜙’) 

• Accept/reject with  

• Reversible, satisfies detailed balance

Pa/r = min

 
1,

e�p02/2�ReSeff ['(�0)]

e�p2/2�ReSeff ['(�)]

!

<latexit sha1_base64="RPqbk1YWglZaV9W8d9PE9uOLnAs="></latexit>

(p,𝜙)

(p’,𝜙’)

• (p,𝜑(𝜙))

• (p’,𝜑(𝜙’))



WHY IS THE NN USEFUL?

!24

• Essentially a great big non-linear interpolation routine 
• Fast & efficient 

• Calculation of Jacobian is much faster! 

• Greatly alleviates ergodicity problem 



SOME LIMITED SUCCESS SO FAR. . .

!25
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THE NN IS ONLY AS GOOD AS YOUR TRAINING DATA

!26

Lessons learned so far. . .

Training data   (blue) 
HMC + NN run (red)

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Im
h'

i
<latexit sha1_base64="ra2gcAntFkYAx+efFzSvK6or8pc=">AAACNnicbVC7TgMxEPTxJrwClDQWEYIqugMkKBE00AWJPKRcFO05m8TCZ59sX6TolE/ga2go4ENo6BAtJSXOoyAJI1mand3VrCdKBDfW99+9hcWl5ZXVtfXcxubW9k5+d69iVKoZlpkSStciMCi4xLLlVmAt0QhxJLAaPd4M+9UeasOVfLD9BBsxdCRvcwbWSc38cagS1GCVlhBjdhcPQgGyI5CGPdBJl4d6VDbzBb/oj0DnSTAhBTJBqZn/CVuKpTFKywQYUw/8xDYy0JYzgYNcmBpMgD1CB+uODt1NIxt9aECPnNKibaXdk5aO1L8bGcTG9OPITcZgu2a2NxT/69VT275sZFwmqUXJxkbtVFCr6DAd2uIamRV9R4Bp7m6lrAsamHUZTrmML52SokiJ1iDnogpmg5knldNicFY8vT8vXF1PQlsjB+SQnJCAXJArcktKpEwYeSLP5JW8eS/eh/fpfY1HF7zJzj6Zgvf9C9ioreo=</latexit>R
e
S
['
]

<latexit sha1_base64="CwEDP+/jyYzYBNoocKDZ9FQ4yxw=">AAACKnicbVC7TsMwFHXKq5RXgLFLRIXEVCUFCcYKFsby6ENKospxb1urThzZTqUq6sDXsDDAr7BVrHwEI06bgbYcydLROffqXJ8gZlQq254ZhY3Nre2d4m5pb//g8Mg8PmlJnggCTcIZF50AS2A0gqaiikEnFoDDgEE7GN1lfnsMQlIePatJDH6IBxHtU4KVlrpm2eMxCKy4iHAI6SNMn1xvjEU8pH7XrNhVew5rnTg5qaAcja754/U4SUKIFGFYStexY+WnWChKGExLXiIhxmSEB+BqmiVKP51/Ymqda6Vn9bnQL1LWXP27keJQykkY6MkQq6Fc9TLxP89NVP/GT2kUJwoisgjqJ8xS3MoasXpUAFFsogkmgupbLTLEAhOle1tKWVy6JAUBZ71pSVflrBazTlq1qnNZrT1cVeq3eWlFVEZn6AI56BrV0T1qoCYi6AW9onf0YbwZn8bM+FqMFox85xQtwfj+BZ/KqLo=</latexit>



THE NN IS ONLY AS GOOD AS YOUR TRAINING DATA

!26

Lessons learned so far. . .

Training data   (blue) 
HMC + NN run (red)

HMC started here

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Im
h'

i
<latexit sha1_base64="ra2gcAntFkYAx+efFzSvK6or8pc=">AAACNnicbVC7TgMxEPTxJrwClDQWEYIqugMkKBE00AWJPKRcFO05m8TCZ59sX6TolE/ga2go4ENo6BAtJSXOoyAJI1mand3VrCdKBDfW99+9hcWl5ZXVtfXcxubW9k5+d69iVKoZlpkSStciMCi4xLLlVmAt0QhxJLAaPd4M+9UeasOVfLD9BBsxdCRvcwbWSc38cagS1GCVlhBjdhcPQgGyI5CGPdBJl4d6VDbzBb/oj0DnSTAhBTJBqZn/CVuKpTFKywQYUw/8xDYy0JYzgYNcmBpMgD1CB+uODt1NIxt9aECPnNKibaXdk5aO1L8bGcTG9OPITcZgu2a2NxT/69VT275sZFwmqUXJxkbtVFCr6DAd2uIamRV9R4Bp7m6lrAsamHUZTrmML52SokiJ1iDnogpmg5knldNicFY8vT8vXF1PQlsjB+SQnJCAXJArcktKpEwYeSLP5JW8eS/eh/fpfY1HF7zJzj6Zgvf9C9ioreo=</latexit>R
e
S
['
]

<latexit sha1_base64="CwEDP+/jyYzYBNoocKDZ9FQ4yxw=">AAACKnicbVC7TsMwFHXKq5RXgLFLRIXEVCUFCcYKFsby6ENKospxb1urThzZTqUq6sDXsDDAr7BVrHwEI06bgbYcydLROffqXJ8gZlQq254ZhY3Nre2d4m5pb//g8Mg8PmlJnggCTcIZF50AS2A0gqaiikEnFoDDgEE7GN1lfnsMQlIePatJDH6IBxHtU4KVlrpm2eMxCKy4iHAI6SNMn1xvjEU8pH7XrNhVew5rnTg5qaAcja754/U4SUKIFGFYStexY+WnWChKGExLXiIhxmSEB+BqmiVKP51/Ymqda6Vn9bnQL1LWXP27keJQykkY6MkQq6Fc9TLxP89NVP/GT2kUJwoisgjqJ8xS3MoasXpUAFFsogkmgupbLTLEAhOle1tKWVy6JAUBZ71pSVflrBazTlq1qnNZrT1cVeq3eWlFVEZn6AI56BrV0T1qoCYi6AW9onf0YbwZn8bM+FqMFox85xQtwfj+BZ/KqLo=</latexit>



THE NN IS ONLY AS GOOD AS YOUR TRAINING DATA
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Lessons learned so far. . .

Training data   (blue) 
HMC + NN run (red)

HMC pushed 
configurations to a 

region well outside the 
training set

HMC started here

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Im
h'

i
<latexit sha1_base64="ra2gcAntFkYAx+efFzSvK6or8pc=">AAACNnicbVC7TgMxEPTxJrwClDQWEYIqugMkKBE00AWJPKRcFO05m8TCZ59sX6TolE/ga2go4ENo6BAtJSXOoyAJI1mand3VrCdKBDfW99+9hcWl5ZXVtfXcxubW9k5+d69iVKoZlpkSStciMCi4xLLlVmAt0QhxJLAaPd4M+9UeasOVfLD9BBsxdCRvcwbWSc38cagS1GCVlhBjdhcPQgGyI5CGPdBJl4d6VDbzBb/oj0DnSTAhBTJBqZn/CVuKpTFKywQYUw/8xDYy0JYzgYNcmBpMgD1CB+uODt1NIxt9aECPnNKibaXdk5aO1L8bGcTG9OPITcZgu2a2NxT/69VT275sZFwmqUXJxkbtVFCr6DAd2uIamRV9R4Bp7m6lrAsamHUZTrmML52SokiJ1iDnogpmg5knldNicFY8vT8vXF1PQlsjB+SQnJCAXJArcktKpEwYeSLP5JW8eS/eh/fpfY1HF7zJzj6Zgvf9C9ioreo=</latexit>R
e
S
['
]

<latexit sha1_base64="CwEDP+/jyYzYBNoocKDZ9FQ4yxw=">AAACKnicbVC7TsMwFHXKq5RXgLFLRIXEVCUFCcYKFsby6ENKospxb1urThzZTqUq6sDXsDDAr7BVrHwEI06bgbYcydLROffqXJ8gZlQq254ZhY3Nre2d4m5pb//g8Mg8PmlJnggCTcIZF50AS2A0gqaiikEnFoDDgEE7GN1lfnsMQlIePatJDH6IBxHtU4KVlrpm2eMxCKy4iHAI6SNMn1xvjEU8pH7XrNhVew5rnTg5qaAcja754/U4SUKIFGFYStexY+WnWChKGExLXiIhxmSEB+BqmiVKP51/Ymqda6Vn9bnQL1LWXP27keJQykkY6MkQq6Fc9TLxP89NVP/GT2kUJwoisgjqJ8xS3MoasXpUAFFsogkmgupbLTLEAhOle1tKWVy6JAUBZ71pSVflrBazTlq1qnNZrT1cVeq3eWlFVEZn6AI56BrV0T1qoCYi6AW9onf0YbwZn8bM+FqMFox85xQtwfj+BZ/KqLo=</latexit>



THE NN IS ONLY AS GOOD AS YOUR TRAINING DATA
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Lessons learned so far. . .

Training data   (blue) 
HMC + NN run (red)

HMC pushed 
configurations to a 

region well outside the 
training set

HMC started here

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Reh'i
<latexit sha1_base64="gb71IC3xQMxMczK2MvoMz2npqjk=">AAACNnicbVC7TgMxEPTxDOEVoKSxiBBU0V1AgjKChjIgEpByUbTnbBIrPvtk+yJFp3wCX0NDAR9CQ4doKSlxHgUBRrI0O7urWU+UCG6s7796C4tLyyurubX8+sbm1nZhZ7duVKoZ1pgSSt9HYFBwiTXLrcD7RCPEkcC7qH857t8NUBuu5K0dJtiMoSt5hzOwTmoVjkKVoAartIQYsxschQJkVyANB6CTHg/1pGwVin7Jn4D+JcGMFMkM1VbhK2wrlsYoLRNgTCPwE9vMQFvOBI7yYWowAdaHLjYcHbubZjb50IgeOqVNO0q7Jy2dqD83MoiNGcaRm4zB9szv3lj8r9dIbee8mXGZpBYlmxp1UkGtouN0aJtrZFYMHQGmubuVsh5oYNZlOOcyvXROiiIl2qO8iyr4HcxfUi+XgpNS+fq0WLmYhZYj++SAHJOAnJEKuSJVUiOMPJBH8kxevCfvzXv3PqajC95sZ4/Mwfv8Btpyres=</latexit>

Im
h'

i
<latexit sha1_base64="ra2gcAntFkYAx+efFzSvK6or8pc=">AAACNnicbVC7TgMxEPTxJrwClDQWEYIqugMkKBE00AWJPKRcFO05m8TCZ59sX6TolE/ga2go4ENo6BAtJSXOoyAJI1mand3VrCdKBDfW99+9hcWl5ZXVtfXcxubW9k5+d69iVKoZlpkSStciMCi4xLLlVmAt0QhxJLAaPd4M+9UeasOVfLD9BBsxdCRvcwbWSc38cagS1GCVlhBjdhcPQgGyI5CGPdBJl4d6VDbzBb/oj0DnSTAhBTJBqZn/CVuKpTFKywQYUw/8xDYy0JYzgYNcmBpMgD1CB+uODt1NIxt9aECPnNKibaXdk5aO1L8bGcTG9OPITcZgu2a2NxT/69VT275sZFwmqUXJxkbtVFCr6DAd2uIamRV9R4Bp7m6lrAsamHUZTrmML52SokiJ1iDnogpmg5knldNicFY8vT8vXF1PQlsjB+SQnJCAXJArcktKpEwYeSLP5JW8eS/eh/fpfY1HF7zJzj6Zgvf9C9ioreo=</latexit>R
e
S
['
]

<latexit sha1_base64="CwEDP+/jyYzYBNoocKDZ9FQ4yxw=">AAACKnicbVC7TsMwFHXKq5RXgLFLRIXEVCUFCcYKFsby6ENKospxb1urThzZTqUq6sDXsDDAr7BVrHwEI06bgbYcydLROffqXJ8gZlQq254ZhY3Nre2d4m5pb//g8Mg8PmlJnggCTcIZF50AS2A0gqaiikEnFoDDgEE7GN1lfnsMQlIePatJDH6IBxHtU4KVlrpm2eMxCKy4iHAI6SNMn1xvjEU8pH7XrNhVew5rnTg5qaAcja754/U4SUKIFGFYStexY+WnWChKGExLXiIhxmSEB+BqmiVKP51/Ymqda6Vn9bnQL1LWXP27keJQykkY6MkQq6Fc9TLxP89NVP/GT2kUJwoisgjqJ8xS3MoasXpUAFFsogkmgupbLTLEAhOle1tKWVy6JAUBZ71pSVflrBazTlq1qnNZrT1cVeq3eWlFVEZn6AI56BrV0T1qoCYi6AW9onf0YbwZn8bM+FqMFox85xQtwfj+BZ/KqLo=</latexit>

When HMC + NN fails, 
it fails spectacularly!



THE GOAL IS TO ALLEVIATE  THE SIGN PROBLEM, NOT 
SOLVE IT!

!27

Lessons learned so far. . .

Tf = 1/2
<latexit sha1_base64="RqWaENHx+8cyIOgGlRdHfvxfwb8=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBFc1Zkq6EYounFZoS9ph5LJZNrQTDIkGaGUfoUbF/or7sStW//EpWk7C9t6IHA4517uyQkSzrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDa0TBWhdSK5VK0Aa8qZoHXDDKetRFEcB5w2g8HdxG8+UaWZFDUzTKgf455gESPYWOmx1o3QDfLOy91C0S25U6Bl4mWkCBmq3cJPJ5QkjakwhGOt256bGH+ElWGE03G+k2qaYDLAPdq2VOCYan80DTxGp1YJUSSVfcKgqfp3Y4RjrYdxYCdjbPp60ZuI/3nt1ETX/oiJJDVUkNmhKOXISDT5PQqZosTwoSWYKGazItLHChNjO5q7Mks6JwWB5OE4b6vyFotZJo1yybsolR8ui5XbrLQcHMMJnIEHV1CBe6hCHQjE8Ayv8Oa8OO/Oh/M5G11xsp0jmIPz9Qs2/570</latexit>



THE GOAL IS TO ALLEVIATE  THE SIGN PROBLEM, NOT 
SOLVE IT!

!27

Lessons learned so far. . .

Tf = 1/2
<latexit sha1_base64="RqWaENHx+8cyIOgGlRdHfvxfwb8=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBFc1Zkq6EYounFZoS9ph5LJZNrQTDIkGaGUfoUbF/or7sStW//EpWk7C9t6IHA4517uyQkSzrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDa0TBWhdSK5VK0Aa8qZoHXDDKetRFEcB5w2g8HdxG8+UaWZFDUzTKgf455gESPYWOmx1o3QDfLOy91C0S25U6Bl4mWkCBmq3cJPJ5QkjakwhGOt256bGH+ElWGE03G+k2qaYDLAPdq2VOCYan80DTxGp1YJUSSVfcKgqfp3Y4RjrYdxYCdjbPp60ZuI/3nt1ETX/oiJJDVUkNmhKOXISDT5PQqZosTwoSWYKGazItLHChNjO5q7Mks6JwWB5OE4b6vyFotZJo1yybsolR8ui5XbrLQcHMMJnIEHV1CBe6hCHQjE8Ayv8Oa8OO/Oh/M5G11xsp0jmIPz9Qs2/570</latexit>

Re-weighting still required



Tf = 1
<latexit sha1_base64="QmQVJEBko/U9JEcffYydN5Bx6Y4=">AAACFHicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZoS9oh5LJZNrQTDIkGaEM/Qg3LvRX3Ilb9/6JS9N2Frb1QOBwzr3ckxMknGnjut/O2vrG5tZ2Yae4u7d/cFg6Om5pmSpCm0RyqToB1pQzQZuGGU47iaI4DjhtB6P7qd9+okozKRpmnFA/xgPBIkawsVK70Y/QLfL6pbJbcWdAq8TLSRly1Puln14oSRpTYQjHWnc9NzF+hpVhhNNJsZdqmmAywgPatVTgmGo/m8WdoHOrhCiSyj5h0Ez9u5HhWOtxHNjJGJuhXvam4n9eNzXRjZ8xkaSGCjI/FKUcGYmmf0chU5QYPrYEE8VsVkSGWGFibEMLV+ZJF6QgkDycFG1V3nIxq6RVrXiXlerjVbl2l5dWgFM4gwvw4Bpq8AB1aAKBETzDK7w5L8678+F8zkfXnHznBBbgfP0CR5uefw==</latexit>

THE GOAL IS TO ALLEVIATE  THE SIGN PROBLEM, NOT 
SOLVE IT!

!27

Lessons learned so far. . .

Tf = 1/2
<latexit sha1_base64="RqWaENHx+8cyIOgGlRdHfvxfwb8=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBFc1Zkq6EYounFZoS9ph5LJZNrQTDIkGaGUfoUbF/or7sStW//EpWk7C9t6IHA4517uyQkSzrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDa0TBWhdSK5VK0Aa8qZoHXDDKetRFEcB5w2g8HdxG8+UaWZFDUzTKgf455gESPYWOmx1o3QDfLOy91C0S25U6Bl4mWkCBmq3cJPJ5QkjakwhGOt256bGH+ElWGE03G+k2qaYDLAPdq2VOCYan80DTxGp1YJUSSVfcKgqfp3Y4RjrYdxYCdjbPp60ZuI/3nt1ETX/oiJJDVUkNmhKOXISDT5PQqZosTwoSWYKGazItLHChNjO5q7Mks6JwWB5OE4b6vyFotZJo1yybsolR8ui5XbrLQcHMMJnIEHV1CBe6hCHQjE8Ayv8Oa8OO/Oh/M5G11xsp0jmIPz9Qs2/570</latexit>

Re-weighting still required



Tf = 1
<latexit sha1_base64="QmQVJEBko/U9JEcffYydN5Bx6Y4=">AAACFHicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZoS9oh5LJZNrQTDIkGaEM/Qg3LvRX3Ilb9/6JS9N2Frb1QOBwzr3ckxMknGnjut/O2vrG5tZ2Yae4u7d/cFg6Om5pmSpCm0RyqToB1pQzQZuGGU47iaI4DjhtB6P7qd9+okozKRpmnFA/xgPBIkawsVK70Y/QLfL6pbJbcWdAq8TLSRly1Puln14oSRpTYQjHWnc9NzF+hpVhhNNJsZdqmmAywgPatVTgmGo/m8WdoHOrhCiSyj5h0Ez9u5HhWOtxHNjJGJuhXvam4n9eNzXRjZ8xkaSGCjI/FKUcGYmmf0chU5QYPrYEE8VsVkSGWGFibEMLV+ZJF6QgkDycFG1V3nIxq6RVrXiXlerjVbl2l5dWgFM4gwvw4Bpq8AB1aAKBETzDK7w5L8678+F8zkfXnHznBBbgfP0CR5uefw==</latexit>

THE GOAL IS TO ALLEVIATE  THE SIGN PROBLEM, NOT 
SOLVE IT!

!27

Lessons learned so far. . .

Tf = 1/2
<latexit sha1_base64="RqWaENHx+8cyIOgGlRdHfvxfwb8=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBFc1Zkq6EYounFZoS9ph5LJZNrQTDIkGaGUfoUbF/or7sStW//EpWk7C9t6IHA4517uyQkSzrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDa0TBWhdSK5VK0Aa8qZoHXDDKetRFEcB5w2g8HdxG8+UaWZFDUzTKgf455gESPYWOmx1o3QDfLOy91C0S25U6Bl4mWkCBmq3cJPJ5QkjakwhGOt256bGH+ElWGE03G+k2qaYDLAPdq2VOCYan80DTxGp1YJUSSVfcKgqfp3Y4RjrYdxYCdjbPp60ZuI/3nt1ETX/oiJJDVUkNmhKOXISDT5PQqZosTwoSWYKGazItLHChNjO5q7Mks6JwWB5OE4b6vyFotZJo1yybsolR8ui5XbrLQcHMMJnIEHV1CBe6hCHQjE8Ayv8Oa8OO/Oh/M5G11xsp0jmIPz9Qs2/570</latexit>

Re-weighting still required (almost) No re-weighting required



Tf = 1
<latexit sha1_base64="QmQVJEBko/U9JEcffYydN5Bx6Y4=">AAACFHicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZoS9oh5LJZNrQTDIkGaEM/Qg3LvRX3Ilb9/6JS9N2Frb1QOBwzr3ckxMknGnjut/O2vrG5tZ2Yae4u7d/cFg6Om5pmSpCm0RyqToB1pQzQZuGGU47iaI4DjhtB6P7qd9+okozKRpmnFA/xgPBIkawsVK70Y/QLfL6pbJbcWdAq8TLSRly1Puln14oSRpTYQjHWnc9NzF+hpVhhNNJsZdqmmAywgPatVTgmGo/m8WdoHOrhCiSyj5h0Ez9u5HhWOtxHNjJGJuhXvam4n9eNzXRjZ8xkaSGCjI/FKUcGYmmf0chU5QYPrYEE8VsVkSGWGFibEMLV+ZJF6QgkDycFG1V3nIxq6RVrXiXlerjVbl2l5dWgFM4gwvw4Bpq8AB1aAKBETzDK7w5L8678+F8zkfXnHznBBbgfP0CR5uefw==</latexit>

THE GOAL IS TO ALLEVIATE  THE SIGN PROBLEM, NOT 
SOLVE IT!

!27

Lessons learned so far. . .

Tf = 1/2
<latexit sha1_base64="RqWaENHx+8cyIOgGlRdHfvxfwb8=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBFc1Zkq6EYounFZoS9ph5LJZNrQTDIkGaGUfoUbF/or7sStW//EpWk7C9t6IHA4517uyQkSzrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDa0TBWhdSK5VK0Aa8qZoHXDDKetRFEcB5w2g8HdxG8+UaWZFDUzTKgf455gESPYWOmx1o3QDfLOy91C0S25U6Bl4mWkCBmq3cJPJ5QkjakwhGOt256bGH+ElWGE03G+k2qaYDLAPdq2VOCYan80DTxGp1YJUSSVfcKgqfp3Y4RjrYdxYCdjbPp60ZuI/3nt1ETX/oiJJDVUkNmhKOXISDT5PQqZosTwoSWYKGazItLHChNjO5q7Mks6JwWB5OE4b6vyFotZJo1yybsolR8ui5XbrLQcHMMJnIEHV1CBe6hCHQjE8Ayv8Oa8OO/Oh/M5G11xsp0jmIPz9Qs2/570</latexit>

But!!! Numerically very difficult for 
HMC+NN to stay on the thimble

Re-weighting still required (almost) No re-weighting required



CONCLUSIONS

• Sign problem can be alleviated 
• by holomorphic flow 
• calculation of Jacobian prohibitive (numerically) 

• Used NN to train location of manifolds, i.e.. ML 
• Fast/efficient interpolation routine 
• Calculation of Jacobian much faster 

• Found success in simple systems, but. . . 
• Still understanding limits of ML 
• Bias/limitation of training data 

• Go to larger systems, like C20, C60, doped tubes 

• Ultimate goal:  apply holomorphic flow to lattice gauge theories

!28
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Thank you!



FLOW EQUATIONS

!30

�̇ = � (r�S[�])
⇤

<latexit sha1_base64="DOqmPykSEYUwWyHGDAR/lsrVta4="></latexit>

=)
<latexit sha1_base64="mhj5/NTgEGAzcFs+JZZ5s4h0sFc=">AAACFXicbVC7SgNBFJ31GeMramkzGASrsBsFLYM2lhHMA5IlzM7eTYbMY5mZFULIT9hY6K/Yia21f2LpJNnCJF4YOJxzL+fMiVLOjPX9b29tfWNza7uwU9zd2z84LB0dN43KNIUGVVzpdkQMcCahYZnl0E41EBFxaEXDu6neegJtmJKPdpRCKEhfsoRRYh3V7jLhXMD0SmW/4s8Gr4IgB2WUT71X+unGimYCpKWcGNMJ/NSGY6ItoxwmxW5mICV0SPrQcVASASYcz/JO8LljYpwo7Z60eMb+vRgTYcxIRG5TEDswy9qU/E/rZDa5CcdMppkFSedGScaxVXj6eRwzDdTykQOEauayYjogmlDrKlpwmSddoKJI8XhSdFUFy8Wsgma1ElxWqg9X5dptXloBnaIzdIECdI1q6B7VUQNRxNEzekVv3ov37n14n/PVNS+/OUEL4339Av4QoBE=</latexit>

Gradient flow (heat equation) EoM (constant of motion)
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