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Cayley-Dickson doubling procedure Slide: 2

® (Given algebra A, we can double it ® Complex numbers:i = (0,1)
(ay,a,) € A XA, a,,a, € A (ay,a,) = aq +ia,
* Multiplication rule ® Setting 6 = 1 and iterating
(a1,a3)(by, by) = (a1by + 6bya3, atb, + biay) RoC-H ->0-5---
_ Multiplication properties Nontriv.
¢ Involution Algebra D::nn- Ordered | commu- | Associ- | Alter-  Power-| Z€ro

* * tative ative | native  assoc. | divisors
(al'a2) — (al'_a2)

Real numbers 1 Yes Yes Yes Yes Yes Mo
Complex num. 2 Mo Yes Yes Yes Yes Mo
° —

Norm Of(l — (Cl1, aZ) Quaternions 4 Mo MNo Yes Yes Yes Mo
— Xy — Octonions 8 Mo Mo Mo Yes Yes Mo

lal* = a*a = (|a1|* + |a;|?, 0)

Sedenions 16

MNo MNo NO MNo Yes Yes



Complex & split-complex numbers Slide: 3

2 =—1 j2=1
e = cosg +ising e/? = cosh@ + jsinh g
! \‘/

z=x+1iy€C z =t + jx € split-complex

1Z|? = x2 + y? 2|2 = t2 — x?



Quaternions Hi: ' / Slide: 4

* Quaternionic algebra * Grassmann numbers (nilpotent)
1 1
ai = q5 = q5 = 419293 = —1 a=5(q+ig,), at=-5(q —iq;)

- Spatial rotations of A = A4,,q,, * Projection operator (idempotent)

1
-, 1 - 1 aa’ = (1 - iqs)
A’ = exp (E ann) A exp (— > ann> 2

 Ladder structure

 [somorphism with Clifford algebra
p ° {a,a} ={aT,a’} =0, {aaf}=1

CR®MH = CI(3)

iq © 01, 1qy, © 0,, 1q3 © 03 C. Furey 2018
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Regular Article - Theoretical Physics

SUB)c x SUR)L x U1y (xU(1)x) as a symmetry of division
algebraic ladder operators

Abstract We demonstrate a model which captures certain
C. Furey"2*(

| attractive features of SU(5) theory, while providing a pos-
Dcpdrtmcnt of Applied Mathematics and Theoretical Physics, University of Cambridge, Wi .
s3onr sible escape from proton decay. In this paper we show how

a—l — 1 (_ o5 +ie 4) 6(5 — 1 (_ &3 4 i €1) ladder operators arise from the division algebras R, C, Hi,
2 2 and 0. From the SU (n) symmetry of these ladder operators,
= l (_<e— n ife_) TR 1 (e 1 ) we then demonstrate a model which has much structural sim-
3= 2 0 2 A= 2 : + ilarity to Georgi and Glashow’s SU (5) grand unified theory.

1 1

ETEE(E?-H(&T), 6‘5*55(%+i‘e€)
S =V

¢ As aresult, we find that
~b we are left with G, = SUQ3)c x SUQR2)r x U(l)y/Zs.
+D% v, + Dealv, + DPalv sm C L Y/ &6
1 ¢ 2 ¢ 37¢ Finally, we point out that if U (n) ladder symmetries are used
+ Z/{I‘a?) az Ve + z/(g a a3 Ve + Z/{b a, al Ve in place of SU (n), it may then be possible to find this same

Gin = SUB)c x SUQR)r x U(l)y/Ze, together with an
-+ 8+a§a;a1 Ve, extra U (1) y symmetry, related to B— L.



Split-octonions Slide: 6

* Multiplication table * Split-octonion & its conjugte
1 h 2 I [ i J2 J3 S =@+ Anfn + U + Xnjn
N1 1 Jjz —J J1 I —J3 J; S=w = Apfy =t = Xnjn
J2 —Jjz 1 J2 J3 I -
J3 j2 —J1 1 J3 = i [ e Norm
I =1 —J2 —Js L = =2 —Js 55 = w? — A, A™ — t% + x,x"
J1 =1 —=Jz ]2 J1 =1 Jj3  —) _ _ _ _
Ja s =1 =] I —jz =1 j; e Other involutions (conjugtions)
s T S5 2 —ho conj; ;(s) = J3(2U15)1))2))3

conj; ;(s) = sT1 = IsI

COHj],I (s) =1(3(>U1sJ1)]2)]3)1



Spin & chirality with split-octonions Slide: 7

* Eluding non-associativity
ABCf = A(B(C))

* Ladder operators
(O D
a==Uy—Jj2) a" ==z +)2)
2 2
e Commutation relations

{a,a} ={at,at} =0, {a,at}=1

» “Complex” numbers, 4, B,C,D

X = Xg + J3Xq

* Idempotents
; 1
Vp = aa =§(1—13)

1
v, =ala =§(1 +J3)

* Finding minimal left ideal (spinor)
Y = (a|A + aT|B +aat|C + aTa|D)v
* Left and right Weyl spinors

Yr = aTvgh} + vpp
Y, = v ] + av Py



Dirac theory with with split-octonions Slide: 8

* Dirac spinor
LIJD —_ "IJR + LIJL

1 1 1 1

= = (Who + Who) +5 (o + who)s +5 (Whs + Wk o + 5 (blo — ko5
1 1 1 1

) (Wi1 = Yro)l = 5 (W11 — Wr1)jr — 5 (Yo —Wro)iz + 2 (bir + ¥ra)Js

* Dirac equation in external 4-potential * Another way of writing

Jj3(PW¥) + conj; ; (AY) = m¥ J5(V¥) + I conj; ;(AY) = —m¥

V= 6+ 0 A=Ay + V = Ia+' 0 A =—14y + j, A
ot ]mame 0 ]m ot ]maxm: - 0 T Jmam

p=PV p=-—P¥ =NV



Exceptional Lie group Gg € Slide: 9

* Quadratic form * G, root system

§s = w? — A, A™ — t? + x,x"

* Groups that preserve it

S0(4,4) © S0(4,3) o GNC

Vi, 0 N | 0
kk — — <k ok Yk . < 2 Yi ayi )
0 o 1 9, -0
Via = =21 —— — — t__— A
ko oF oL T3 b (Z ayj : 8%) "
Y{Jk——Qt—Jer + = ZE k y:"i
dyk ot Y 32:3 0z;
0 0 i, j Y11 + Yag + Viz =
Yijz—zjathrygayj (2,7, k =1,2,3) 11+ Yoo+ Y33 =0,



GY* generators (other basis) Slide: 10

Gogberashvili, Gurchumelia (2019)

0 9
[y = ;j|ﬁijk| ($6_,\j+)\36$£) ,

; ; (i,7,k =1,2,3)
Bo= e (Vgp g )




Infinitesimal G} transformations Slide: 11




Finite transformation examples in G?C Slide: 12

Non-commutativity bound [xl-,xj] < 1078GeV?

 Rotation Chaichian, Sheikh-Jabbari, Tureanu (2001)
32)\1, A’é:)\gﬂﬂﬁpl—FAgSinlg )\!32)\3{3{38,01—)\28111,01,,
t =t

3:’12331, mfgzﬂ:gcos,al—l—ﬂsgsinpl, mfd:xgces,al—xgsinpl .

This boost imitates translation, but is non-commutative

1 =M,  Ay=Agcoshy; —agsinhy , Ay = Azcoshy — wasinhyg
t' =1t

Ty =11, xh = 19 coshy; — Agsinh~q | xh = x3coshvy; — Ao sinh~yy .



Casimir operator of G Slide: 13

1 1 - :
Cy = Z (g@ﬁ - §B§ +T; — Rp + 2@%) = Gogberashvili, Gurchumelia (2019)
k

=6

0 0 0
ta + ; (}\ka_)\;g + Ika—%)

02 0> 0? O? H2
+ 2 lek (*”3’ e fﬂa—) - (aT - aT) GO
ivj:k ! J 3 k k k ke

+2tZA o +Zg/\-m~ o +Z|E"‘ /\./\.L_)ﬁi
— “Fotox, <= 37" O\, W\ VNN, T oAz )

1.,_}' @:?j!k

* Limiting extra dimensions A = const
2
CZ - CLorentz — A CKG



Summary & references Slide: 14

Summery
* We constructed spin ladder structure and Dirac equation with split-octonions
* Geometrical application of split-octonions was also considered

* Representation of rotations by split-octonions gives Gé\lc

» Effective space-time is 7D (4 time, 3 space)

 GNC imitates Poincaré transformations

* Translations are non-commutative due to extra time-like dimensions

» Casimir of GN* reduces to Casimirs of Lorentz and Poincaré in the limit
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