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Introduction

We construct some special local quartic interaction of two scalars and two spin four fields using
standard Noether's procedure.
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The starting lagrangian for our task is

SN (@, h® A®) = S() + Si(®, ) + Sy(@, h4), (1)
where
1
So(®) = 2/ddxc')u¢8“d>, (2)
S (b, h®@) = % / dOxh® | = 9,00,0 + 15,00* o). (3)
1
Si(®, W) = Z / dOxh®r B[99, 080,05 — 1,,0,0" ©Dd., D). (4)
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Gauge transformations

Gauge transformatinos

00(x) = e"(x)9,0,01(x), (5)
Soh A = 9l ) = GHEAP 4 §Uek A L AP 4 P, (6)
Sohlyy = O¥e, (7)

€ = 0,057, (8)

We use physical traceless and transverse gauge for our external spin four field:

A = 0, 9)

HAP
hu
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Neother equation

Starting from the cubic term

Ly ~ h28,8,00,0,0, (11)
using known variation:
5o = £%9,050,9, (12)
Soh N0 i), (13)
we try to solve functional equation:
d1L1(®, ™) + GoLo(®, h¥)) = 0, (14)
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First order variation

1

51 (H°9,0,0000,0) = 551(/1“"*911(;‘3@) = 610" 9,0,00,0,0
1
+ = [5”(0‘/36“h7”>‘p) _ 3H5(aﬁvhw\p)u} _/l(fj\)pa&Y

1
+ : {3a€w(,33u3yh7>\ﬂ)a _ 3uayga(ﬁvaah>\p)uV] JS))BW

2
+ [aaaﬁaya(whmaﬁ'y - aaﬁ'yaaaﬁavhﬂw} UM
1
+ £10,0,577700050, W — 0,0,0,2°720,0 ] S 3)
1
+ ga”ayakapsaﬁwaahwwg?. (15)
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First order variation

@ From second line of (15) follows that we cannot integrate Noether’s equation without
introduction of the cubic interaction with a gauge field of spin 6 coupled to the spin 6

current:
VApaBW J
( w\paﬁfy

(16)

@ From third and fourth lines we see that J*) terms arose with different weight % and 135
But we will see below that they should come with same weight to complete integration for
interaction terms.

@ In last two lines we have three unwanted J() terms. We should discover way to get rid of
them.
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Final variation

After long calculations we present the final variation obtained by the tuning procedure.

51 (W00,0,00,0,0) = %61(h“”ApJL‘L)/\p) = 5, 0,0, 90,0,
+ % [gu(aﬂauhw%p) _ 3ﬂ5(aﬁvhw\9)u} jl(g)pam
+ % [5a6uu(ﬁauayhv>\p)a _ 8H81,5a(578ah’\p)“”} _//(\‘:))ﬁ7
2 [0adp0 A - om0, h ] S,
(17)
jl(/(;\)paﬁy = Jl(/(;)paﬁ’y + %@aaﬂjfg,\p) + %@uaxapaﬂé?)- (18)
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Important results

Now we can start to integrate the last three lines of expression (17)

Sa(®, h¥) = / { hed prren J16)

vApaBy

o v 4 1 a v (4 feY v 4
h 19,95 APJLA)M+ =0, hePI O A S ,3 [t N e
aﬁhma (G YRt aﬁ B0 A S, hBVhAPWDJg‘:}B,Y} (19)
and linear on spin four gauge field transformations fixed by Noether's procedure:

51 hﬁ“’/\aﬁV 5/)(0453 ) 4 glag 57[7!“’)\)P (20)

SuhN = e2019,050, W + eloPlg, 05 H AT 4 9l el 9, WP
+0HQY e 5, HP)BY (21)
Ouh) = 0,0, 000y 1D h 3P (22)
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Expressing variation with Higher spin Christoffel symbols

5:(Ls)huu>\p = 506'676&8,387 huwrp + a(;L‘E()é&yaloeaﬁhvlwxp) + 8(u8,,50‘576|ah57|)\p)
+8(M0V8Asa57hp)a5,y. (23)

6§6) h,ul/ = Eaﬁ’yr(o?ﬁ'y uy)\p(h) + 6(# vAp) (E h) (24)

Noro(s h) = €77 0003h0n, + 5 [a(w’fa "Djahsirg) — 10 Djahsy )]

1 1
+ 3 a(va/\gaﬁwhp)aﬁ'y + gaﬁva(ua/\hp)am - Ea(vgama/\hp)aﬂ'y ) (25)
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Expressing variation with Higher spin Christoffel symbols

3 1 1
r(agv;uuxp(h) = 8aaﬁavhuw\ﬂ - §a<aaﬁa(uhw\p)w> + §a<aa(u(9vh/\p)ﬁ7>

= 0O Onhp)apy, (26)
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Two type of trivial terms

Initial gauge transformation regulated by Noether's procedure
5O b = (657 + 6 4+ 680 + . Y, (27)

for commutator on the linear level on gauge field we obtain:

{109,690 n, } = (61,6071 + 6§657 = 6755 Y, (28)

Melik Karapetyan Commutator of higher spin gauge transformations in linear approach



Two type of trivial terms

@ Symmetrized full derivatives from composed gauge parameter linear in gauge fields a(M/N\l,)\p) (e, w,
(e & w).
@ The terms which can be classified as a second part of r.h.s of (28):

5(gw)5§6)hw,)\p — (€ > w), and we can throw them out also to understand algebra of two
01 transformations.
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Final Result

The final result for commutator hiding long and tedious calculation:

[5:(Lw)7 555)]/7;“/)@ ~ [650776530671“)&67 + Taﬁw(a’g’w)] aﬁv HVAP(h)

do a (4) onqls, o
+36%7195 05 Rnaﬁw uuxp(h) + na[ ],6’73 naﬁv) ;w)\p(h)
+[Rem]ap(e,w, h) — (¢ > w), (29)
where:
1 5 w 7 w
Tozﬁ'y(a’ E, W) — 78((1858507]5( h’Y(s)Jn _ 78(a55anaﬁ(s( )h'Y) 4 Ea(agﬁanaéd(() )hag"/)

= 65 D G, 65 712 9555 ) |

(30)
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Important remarks

© The first line describes spin four gauge transformation with composite symmetric rank 3
tensor parameter in the form

[UJ, 5]a6’yr(o?gw;py)\p(h)7 (31)
where
[w, ]*PY = 991050, 0,w™PY + TPV(0, ¢,w) — (¢ & w). (32)
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Important remarks

© The second line also corresponds to the transformation of the spin four gauge field in

respect to gauge transformation with symmetric tensor parameter. But in this case we
have symmetric tensor parameters of rank 4 and 5, which means that it is transformation
coming from gauge field with spin 5 and 6.

Q" (e IR, Wp(h), (33)
onafvyd
Q(t—g . (E W)a naﬂ'y) ,uy)\p(h)v (34)
where
Y .
Qonaﬁwé(g w) = (Unagwaﬁ'” — %ef{’"a%ﬁm — (e & w). (36)
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[Rem]uap(e, w, h) =

%g}ffa[éofvlﬂvam R(3) H(3) nﬂa[é a)By R(3)

H®) 9 nosls, a (3)
vAp);i nﬁ'v( [040]) T 78 e vAp) nﬁv( )~ 4—5:57 Pw ]MGWRV

[ao] Ap);

ogld, a|B () (3) oald, |8
+85" oo l0.0] haurﬁwm(H{m]H L duet ol plo el r®

ByivAp) (H[na])
on [5 o8 (1) n [5 o]B (1) (2)
+86 0w 190,0,T 0 ) (M ) + 5900170, 70, (M, )

3 onAls, (1)
+ 300 ORI (H )
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Mixed term

Now we analyze the third line of (29) or eight terms in expression (37). First of all we see that
in this remaining part of commutator our spin four field expressed through the reduced
curvatures and Christoffel symbols.

All such a objects possess one (first two lines of (37)) ore two (remaining two lines of (37))
pair of antisymmetrized indices contracted with composed gauge parameter. Therefore the
could describe some mixed symmetry field gauge transformation acting on spin four symmetric
gauge field. For example first term in (37) we can rewrite in the form:

[ao],nBy (3)
5 0 R Ny (Fio) (38)
where
sk = 3 o) _ g ) (39)
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Summary

We see that our commutator of spin four linear on gauge field transformations produce regular
terms coming from gauge transformation of symmetric tensors with spin s < 6 and remaining
irregular transformation with mixed symmetry gauge field parameters.
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Thank you
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