
Introduction

Commutator of higher spin gauge
transformations in linear approach

Melik Karapetyan
PhD student

In cooperation with Ruben Manvelyan and Gabriel Poghosyan

Yerevan Physics Institute
https://doi.org/10.1016/j.nuclphysb.2021.115512

August 24, 2021
Melik Karapetyan Commutator of higher spin gauge transformations in linear approach



Introduction

We construct some special local quartic interaction of two scalars and two spin four fields using
standard Noether’s procedure.
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Setup

The starting lagrangian for our task is

SΦΦh(4)

(Φ, h(2), h(4)) = S0(Φ) + S1(Φ, h(2)) + S1(Φ, h(4)), (1)

where

S0(Φ) =
1
2

∫
ddx∂µΦ∂µΦ, (2)

S1(Φ, h(2)) =
1
2

∫
ddxh(2)µν

[
− ∂µΦ∂νΦ +

ηµν
2
∂λΦ∂λΦ

]
. (3)

S1(Φ, h(4)) =
1
4

∫
ddxh(4)µναβ[∂µ∂νΦ∂α∂βΦ− ηµν∂α∂γΦ∂β∂γΦ]. (4)
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Gauge transformations

Gauge transformatinos

δ1Φ(x) = εµνλ(x)∂µ∂ν∂λΦ(x), (5)
δ0h

µνλρ = ∂(µενλρ) = ∂µενλρ + ∂νεµλρ + ∂λεµνρ + ∂ρεµνλ, (6)
δ0h

µν
(2) = ∂(µεν), (7)

εν = ∂α∂βε
ναβ . (8)

We use physical traceless and transverse gauge for our external spin four field:

∂µh
µνλρ = 0, (9)
hµλρµ = 0, (10)
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Neother equation

Starting from the cubic term
L1 ∼ hµνλρ∂µ∂νΦ∂λ∂ρΦ, (11)

using known variation:

δ1Φ = εαβγ∂α∂β∂γΦ, (12)
δ0h

µνλρ = ∂(µενλρ), (13)

we try to solve functional equation:

δ1L1(Φ, h(4)) + δ0L2(Φ, h(4)) = 0, (14)
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First order variation

δ1(hµνλρ∂µ∂νΦ∂λ∂ρΦ) =
1
3
δ1(hµνλρJ

(4)
µνλρ) = δ1h

µνλρ∂µ∂νΦ∂λ∂ρΦ

+
1
50

[
εµ(αβ∂µh

γνλρ) − ∂µε(αβγhνλρ)µ
]
J

(6)
νλραβγ

+
1
5

[
∂αε

µν(β∂µ∂νh
γλρ)α − ∂µ∂νεα(βγ∂αh

λρ)µν
]
J

(4)
λρβγ

+
2
15

[
∂α∂β∂γε

(µνλhρ)αβγ − εαβγ∂α∂β∂γhµνλρ
]
J

(4)
µνλρ

+
1
5

[∂µ∂νε
αβγ∂α∂β∂γh

µνλρ − ∂µ∂ν∂γεαβ(λ∂α∂βh
ρ)µνγ ]J

(2)
λρ

+
1
5
∂µ∂ν∂λ∂ρε

αβγ∂αh
µνλρJ

(2)
βγ . (15)
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First order variation

From second line of (15) follows that we cannot integrate Noether’s equation without
introduction of the cubic interaction with a gauge field of spin 6 coupled to the spin 6
current:

hνλραβγ(6) J
(6)
νλραβγ . (16)

From third and fourth lines we see that J(4) terms arose with different weight 1
5 and 2

15 .
But we will see below that they should come with same weight to complete integration for
interaction terms.

In last two lines we have three unwanted J(2) terms. We should discover way to get rid of
them.
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Final variation

After long calculations we present the final variation obtained by the tuning procedure.

δ1(hµνλρ∂µ∂νΦ∂λ∂ρΦ) =
1
3
δ1(hµνλρJ

(4)
µνλρ) = δ1h

µνλρ∂µ∂νΦ∂λ∂ρΦ

+
1
50

[
εµ(αβ∂µh

γνλρ) − ∂µε(αβγhνλρ)µ
]
J̃

(6)
νλραβγ

+
1
6

[
∂αε

µν(β∂µ∂νh
γλρ)α − ∂µ∂νεα(βγ∂αh

λρ)µν
]
J

(4)
λρβγ

+
1
6

[
∂α∂β∂γε

(µνλhρ)αβγ − εαβγ∂α∂β∂γhµνλρ
]
J

(4)
µνλ,ρ

(17)

J̃
(6)
νλραβγ = J

(6)
νλραβγ +

1
9
∂(α∂βJ

(4)
γνλρ) +

1
3
∂(ν∂λ∂ρ∂αJ

(2)
βγ). (18)
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Important results
Now we can start to integrate the last three lines of expression (17)

S2(Φ, h(4)) =

∫
ddx

{ 1
10

hαβγµ hνλρµJ̃
(6)
νλραβγ

−2
3
hαβγµ ∂α∂βh

µνλρJ
(4)
νλργ +

1
2
∂νh

αβγ
µ ∂αh

µνλρJ
(4)
λρβγ −

1
4
∂αhβγµν∂αh

µνλρJ
(4)
λρβγ

−∂βhαγµν ∂αhµνλρJ
(4)
λρβγ +

1
3
∂βhγµνλ∂

αhµνλρJ
(4)
ραβγ −

1
4
hβγµνh

λρµν�J
(4)
λρβγ

}
, (19)

and linear on spin four gauge field transformations fixed by Noether’s procedure:

δ1h
µνλαβγ
(6) = ερ(αβ∂ρh

γµνλ) + ∂(αεβγρ hµνλ)ρ, (20)

δ1h
µνλρ = εαβγ∂α∂β∂γh

µνλρ + ∂(µε|αβ|γ ∂α∂βh
νλρ)γ + ∂(µ∂νε

|α|
βγ∂αh

λρ)βγ

+∂(µ∂ν∂λεαβγh
ρ)αβγ , (21)

δ1h
βγ
(2) = ∂µ∂ν∂λ∂ρε

αβγ∂αh
µνλρ. (22)
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Expressing variation with Higher spin Christoffel symbols

δ
(ε)
1 hµνλρ = εαβγ∂α∂β∂γhµνλρ + ∂(µε

αβγ∂|α∂βhγ|νλρ) + ∂(µ∂νε
αβγ∂|αhβγ|λρ)

+∂(µ∂ν∂λε
αβγhρ)αβγ . (23)

δ
(ε)
1 hµνλρ = εαβγΓ

(3)
αβγ;µνλρ(h) + ∂(µΛνλρ)(ε, h), (24)

Λνλρ(ε, h) = εαβγ∂α∂βhγνλρ +
1
2

[
∂(νε

αβγ∂|αhβγ|λρ) − εαβγ∂(ν∂|αhβγ|λρ)

]
+

1
3

[
∂(ν∂λε

αβγhρ)αβγ + εαβγ∂(ν∂λhρ)αβγ −
1
2
∂(νε

αβγ∂λhρ)αβγ

]
, (25)
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Expressing variation with Higher spin Christoffel symbols

Γ
(3)
αβγ;µνλρ(h) = ∂α∂β∂γhµνλρ −

1
3
∂<α∂β∂(µhνλρ)γ> +

1
3
∂<α∂(µ∂νhλρ)βγ>

− ∂(µ∂ν∂λhρ)αβγ , (26)
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Two type of trivial terms

Initial gauge transformation regulated by Noether’s procedure

δ(ε)hµνλρ = (δ
(ε)
0 + δ

(ε)
1 + δ

(ε)
2 + . . . )hµνλρ, (27)

for commutator on the linear level on gauge field we obtain:{
[δ(ω), δ(ε)]hµνλρ

}
1

= ([δ
(ω)
1 , δ

(ε)
1 ] + δ

(ω)
0 δ

(ε)
2 − δ

(ε)
0 δ

(ω)
2 )hµνλρ. (28)
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Two type of trivial terms

Symmetrized full derivatives from composed gauge parameter linear in gauge fields ∂(µΛ̃νλρ)(ε, ω, h)−
(ε↔ ω).

The terms which can be classified as a second part of r.h.s of (28):
δ

(ω)
0 δ

(ε)
2 hµνλρ − (ε ↔ ω), and we can throw them out also to understand algebra of two

δ1 transformations.
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Final Result

The final result for commutator hiding long and tedious calculation:

[δ
(ω)
1 , δ

(ε)
1 ]hµνλρ ∼

[
εδση∂δ∂σ∂ηω

αβγ + Tαβγ(∂, ε, ω)
]

Γ
(3)
αβγ;µνλρ(h)

+3εδση∂δ∂σωαβγR
(4)
ηαβγ;µνλρ(h) +

9
20
εσηδ ∂[δωα]βγ∂(σR

(4)
ηαβγ);µνλρ(h)

+[Rem]µνλρ(ε, ω, h)− (ε↔ ω) , (29)

where:

Tαβγ(∂, ε, ω) =
1
4
∂(α∂βεδσηδ

(ω)
0 h

γ)
δση −

5
48
∂(αεδση∂βδ

(ω)
0 h

γ)
δση +

7
16
∂(αεδση∂δδ

(ω)
0 h βγ)

ση

− 1
16
∂δεση(α∂βδ

(ω)
0 h

γ)
δση +

1
16
∂δεση(α∂δδ

(ω)
0 hβγ)

ση ,

(30)
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Important remarks

1 The first line describes spin four gauge transformation with composite symmetric rank 3
tensor parameter in the form

[ω, ε]αβγΓ
(3)
αβγ;µνλρ(h), (31)

where

[ω, ε]αβγ = εδση∂δ∂σ∂ηω
αβγ + Tαβγ(∂, ε, ω)− (ε↔ ω). (32)

Melik Karapetyan Commutator of higher spin gauge transformations in linear approach



Important remarks

1 The second line also corresponds to the transformation of the spin four gauge field in
respect to gauge transformation with symmetric tensor parameter. But in this case we
have symmetric tensor parameters of rank 4 and 5, which means that it is transformation
coming from gauge field with spin 5 and 6.

Ωηαβγδ
(4) (ε, ω)R

(4)
ηαβγ;µνλρ(h), (33)

Ωσηαβγδ
(5) (ε, ω)∂(σR

(4)
ηαβγ);µνλρ(h), (34)

where

Ωηαβγδ
(4) (ε, ω) =

3
4
εδσ(η∂δ∂σω

αβγ) − (ε↔ ω), (35)

Ωσηαβγδ
(5) (ε, ω) =

9
200

εδ(ση∂δω
αβγ) − 3

200
ε

(ση
δ ∂αωβγ)δ − (ε↔ ω). (36)
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Mixed term

[Rem]µνλρ(ε, ω, h) =

9
20
εησδ ∂[δωα]βγ∂(µR

(3)
νλρ);ηβγ(H

(3)
[ασ]) +

3
2
∂(µε

ησ
δ ∂[δωα]βγR

(3)
νλρ);ηβγ(H

(3)
[ασ])−

9
40
εησδ ∂[δωα]βγ∂(µR

(3)
νλρ);ηαγ(H

(3)
[βσ])

+
3
8
εησδ∂

[σ∂

[
δωα

]
β]γ∂(µΓ

(2)
βγ;νλρ)(H

(3)
[ηα]) +

1
2
∂(µε

η
δσ∂

[σ∂

[
δωα

]
β]γΓ

(2)
βγ;νλρ)(H

(3)
[ηα])

+
3
8
εσηδ ∂[δωα]βγ∂(µ∂νΓ

(1)
γ;λρ)(H

(2)
[ηα][σβ]) +

1
2
∂(µε

ση
δ ∂[δωα]βγ∂νΓ

(1)
γ;λρ)(H

(2)
[ηα][σβ])

+
3
4
∂(µ∂νε

ση
δ ∂[δωα]βγΓ

(1)
γ;λρ)(H

(2)
[ηα][σβ]) (37)
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Mixed term

Now we analyze the third line of (29) or eight terms in expression (37). First of all we see that
in this remaining part of commutator our spin four field expressed through the reduced
curvatures and Christoffel symbols.
All such a objects possess one (first two lines of (37)) ore two (remaining two lines of (37))
pair of antisymmetrized indices contracted with composed gauge parameter. Therefore the
could describe some mixed symmetry field gauge transformation acting on spin four symmetric
gauge field. For example first term in (37) we can rewrite in the form:

Ω
[ασ],ηβγ
[2],(3) ∂(µR

(3)
νλρ);ηβγ(H

(3)
[ασ]) (38)

where

Ω
[ασ],ηβγ
[2],(3) =

3
40

(εδ(η[σ∂δω
α]βγ) − ε(η[σ

δ ∂α]ωβγ)δ) (39)
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Summary

We see that our commutator of spin four linear on gauge field transformations produce regular
terms coming from gauge transformation of symmetric tensors with spin s < 6 and remaining
irregular transformation with mixed symmetry gauge field parameters.
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Thank you
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